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HOLOMORPHIC ASPECTS OF MODULI OF REPRESENTATIONS
OF QUIVERS
PRADEEP DAS, S. MANIKANDAN, AND N. RAGHAVENDRA
Abstract. This article describes some complex-analytic aspects of the moduli
space of the finite-dimensional complex representations of a finite quiver, which
are stable with respect to a fixed rational weight. We construct a natural structure
of a complex manifold on this moduli space, and a Ka¨hler metric on the complex
manifold. We then define a Hermitian holomorphic line bundle on the moduli
space, and show that its curvature is a rational multiple of the Ka¨hler form.
Introduction
Moduli spaces of representations of quivers are of interest because of their relations
with the moduli spaces of representations of algebras [3], and with the moduli spaces
of sheaves on projective schemes [1]. A general survey about the moduli spaces of
representations of quivers is [4].
In this paper, we discuss some complex-analytic aspects of the moduli space of
the finite-dimensional complex representations of a finite quiver, which are stable
with respect to a fixed rational weight. We describe a natural Ka¨hler metric on
this moduli space, and exhibit a Hermitian holomorphic line bundle on it, whose
Chern form is essentially an integral multiple of the Ka¨hler form of this metric. This
integral multiple depends only on the chosen weight.
The methods of this paper are elementary in nature. They are based on Ka¨hler
geometry, and do not use any results from geometric invariant theory. In particular,
when the moduli spaces of stable representations are compact, by the Kodaira em-
bedding theorem, the results of this paper give an analytic proof of the projectivity
of these moduli spaces.
We view the stability of representations of quivers as a special case of Rudakov’s
theory of stability structures on an abelian category. Accordingly, we begin by re-
calling this theory in Section 1. Any finite positive family of additive functions on an
abelian category, and a corresponding family of real numbers, called a weight, define
an stability structure on the category. There is a natural hyperplane arrangement on
the space of weights, and the stability condition remains constant within every facet
of this hyperplane arrangement. We describe this idea in Section 2. It includes, as a
special case, the stability of representations of a finite quiver with respect to a given
weight.
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We recall some basic notions about quivers and their representations in Section 3.
We also describe a theorem of King, which relates stability of a representation of a
quiver to the existence of a certain kind of inner product on the representation, which
we call an Einstein-Hermitian metric, because of its similarity to Einstein-Hermitian
metrics on vector bundles. We discuss families of representations in Section 4, and
explain a criterion for two representations in a family to be separated from each
other.
We construct the moduli space of Schur representations in Section 5. It is, in
general, a non-Hausdorff complex manifold. Its open subset of stable representations
is Hausdorff, and has a natural Ka¨hler metric, as we explain in Section 6. We end
the paper with a description of a natural Hermitian holomorphic line bundle on the
moduli space of representations that are stable with respect to a rational weight, and
show that its curvature is essentially an integral multiple of the Ka¨hler form on the
moduli space.
1. Stability structures
The stability of representations of a quiver is a special case of the notion of a stability
structure that was defined by Rudakov [5, Definition 1.1]. In this section, we recall
some properties of such stability structures. We first look at the definition of stability
structures. Then, we recall the Schur Lemma about the endomorphisms of stable
objects. Lastly, we mention Jordan-Ho¨lder and Harder Narasimhan filtrations, and
the notion of S-equivalence of semistable objects.
1.A. Semistable objects of an abelian category
Let A be an abelian category, and  a total preorder on the set of non-zero objects
of A. For any two non-zero objects M and N of A, write M  N if N  M , and
define
M ≺ N if M  N and M 6 N,
M ≍ N if M  N and M  N,
M ≻ N if M  N and M 6 N.
Then,  is a total preorder, ≺ and ≻ irreflexive transitive relations, and ≍ an
equivalence relation, on the set of non-zero objects of A. Moreover, for any two
non-zero objects M and N of A, exactly one of the three statements
M ≺ N, M ≍ N, M ≻ N
holds. We say that  has the seesaw property if for every short exact sequence
0→ M ′ f ′−→M f−→M ′′ → 0
of non-zero objects of A, exactly one of the three statements
M ′ ≺M ≺M ′′, M ′ ≍M ≍ M ′′, M ′ ≻M ≻ M ′′
is true. A stability structure on A is a total preorder on the set of non-zero objects
of A, which has the seesaw property.
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We fix a stability structure  on an abelian category A. The seesaw property
implies that if M and M ′ are two isomorphic non-zero objects of A, then M ≍ M ′.
It follows that if M ∼= M ′ and N ∼= N ′ are isomorphisms of objects in A, then
M  N (respectively, M ≺ N , M ≍ N) if and only if M ′  N ′ (respectively,
M ′ ≺ N ′, M ′ ≍ N ′). In particular, if i : N →M and i′ : N ′ →M are two equivalent
non-zero subobjects of M , we have N  M (respectively, N ≺ M , N ≍ M) if and
only if N ′ M (respectively, N ′ ≺ M , N ′ ≍M).
An object M of A is called semistable (respectively, stable) if
N M (respectively, N ≺M)
for every non-zero proper subobject N ofM . We say that an object of A is polystable
if it is semistable, and is isomorphic to the direct sum of a finite family of stable
objects of A. It is obvious that stable⇒ polystable⇒ semistable, and that all three
properties are preserved by isomorphisms in A. It is also easy to verify the following
statements about semistable objects.
Proposition 1.1. Let  be a stability structure on an abelian category A. Let S be
an ≍-equivalence class in the set of non-zero objects of A, and let A(S) be the full
subcategory of A, whose objects are either zero objects of A, or semistable objects of
A which belong to S. Then:
(1) A non-zero object M of A is semistable (respectively, stable) if and only if
for every non-zero epimorphism f : M → N which is not an isomorphism,
we have
M  N (respectively, M ≺ N).
(2) Let
0→ M ′ f ′−→M f−→M ′′ → 0
be a short exact sequence of non-zero objects of A. Suppose that
M ′ ≍M ≍M ′′.
Then, M is semistable if and only if both M ′ and M ′′ are semistable.
(3) Let M and N be two non-zero objects of A. Then, the object M ⊕ N is
semistable if and only if both M and N are semistable, and M ≍ N . In that
case,
(M ⊕N) ≍M ≍ N.
(4) Let M and N be two semistable objects of A, and let f : M → N be a
morphism. Suppose that M ≍ N . Then, each of the objects Ker(f), Im(f),
Coimg(f), and Coker(f), is either zero, or is semistable and ≍-related to M .
(5) The category A(S) is an abelian subcategory of A.
1.B. The Schur Lemma
Recall that an object M of an additive category A is called simple if it is non-zero,
and has no non-zero proper subobject. We say that M is a Schur object, or a brick,
if the ring End(M) is a division ring. It is easy to see that every simple object of A
is Schur. The following Proposition follows directly from [5, Theorem 1].
Proposition 1.2. Let A, , S, and A(S), be as in Proposition 1.1.
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(1) Let M and N be two semistable objects of A, and let f : M → N be a
non-zero morphism. Suppose that M  N . Then:
(a) M ≍ N .
(b) If M is stable, then f is a monomorphism.
(c) If N is stable, then f is an epimorphism.
(d) If both M and N are stable, then f is an isomorphism.
(2) An element M of S is a simple object of the abelian category A(S) if and
only if it is stable.
(3) (Schur Lemma) Every stable object of A is a Schur object of A.
(4) Suppose that A is a K-linear abelian category, where K is an algebraically
closed field, and let M be an object of A. Suppose also that the K-vector
space End(M) is finite-dimensional. Then, M is a Schur object of A if and
only if for every endomorphism f of M in A, there exists a unique element
λ ∈ K, such that f = λ1M .
1.C. Jordan-Ho¨lder filtrations
A sequence (Mn)n∈N of subobjects of an object M of A is called stationary if there
exists n0 ∈ N, such that Mn = Mn+1 for all n ≥ n0. We say that an object M of A
is
(1) Noetherian (respectively, Artinian) if every sequence (Mn)n∈N of subobjects
of M , such that Mn ⊂ Mn+1 (respectively, Mn ⊃ Mn+1) for all n ∈ N, is
stationary.
(2) quasi-Noetherian with respect to  if every sequence (Mn)n∈N of subobjects
of M , such that Mn ⊂ Mn+1, and Mn  Mn+1 for all n ∈ N, is stationary.
(3) weakly Artinian with respect to  if every sequence (Mn)n∈N of subobjects
of M , such that Mn ⊃ Mn+1, and Mn  Mn+1 for all n ∈ N, is stationary.
(4) weakly Noetherian with respect to  if it is quasi-Noetherian with respect to
, and if every sequence (Mn)n∈N of subobjects ofM , such thatMn ⊂Mn+1,
and Mn Mn+1 for all n ∈ N, is stationary.
The category A is called Noetherian (respectively, Artinian) if every object in it
is Noetherian (respectively, Artinian). It is called quasi-Noetherian (respectively,
weakly Artinian, weakly Noetherian) with respect to  if every object in it is quasi-
Noetherian (respectively, weakly Artinian, weakly Noetherian) with respect to .
IfM is a semistable object of A, then a Jordan-Ho¨lder filtration ofM with respect
to  is a sequence (Mi)ni=0 of subobjects of M , such that n ≥ 1, M0 = M , Mn = 0,
and Mi ⊂ Mi−1, Mi−1/Mi is stable, and Mi−1 ≍ M , for every i = 1, . . . , n. If M is
an arbitrary object of A, then a Harder-Narasimhan filtration of M with respect to
 is a sequence (Mi)ni=0 of subobjects of M , such that n ∈ N, M0 = M , Mn = 0,
Mi ⊂ Mi−1 and Gi = Mi−1/Mi is semistable for every i = 1, . . . , n, and Gi−1 ≺ Gi
for every i = 2, . . . , n.
The statements in the following Proposition are proved in [5, Theorems 2 and 3].
Proposition 1.3. Let  be a stability structure on an abelian category A.
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(1) Suppose that A is quasi-Noetherian, and weakly Artinian, with respect to .
Then, every semistable object M of A has a Jordan-Ho¨lder filtration with re-
spect to . Moreover, if (Mi)ni=0 and (Nj)mj=0 are two Jordan-Ho¨lder filtrations
of M with respect to , then n = m, and there exists a permutation π ∈ Sn
such that Mi−1/Mi is isomorphic to Nπ(i)−1/Nπ(i) for every i = 1, . . . , n.
(2) Suppose that A is weakly Noetherian, and weakly Artinian, with respect to
. Then, every object of A has a unique Harder-Narasimhan filtration with
respect to .
Let M and N be two semistable objects of A. Let (Mi)ni=0 and (Nj)mj=0 be Jordan-
Ho¨lder filtrations ofM and N , respectively, with respect to , which exist by Propo-
sition 1.3(1). Then, we say that M is S-equivalent to N with respect to , if n = m,
and there exists a permutation π ∈ Sn, such thatMi−1/Mi is isomorphic Nπ(i)−1/Nπ(i)
for every i = 1, . . . , n. By the above Proposition, this is independent of the choices
of the Jordan-Ho¨lder filtrations, and defines an equivalence relation on the set of all
semistable objects of A.
2. Stability with respect to a weight
We now consider a special kind of the stability structures defined in Section 1, namely
stability structures defined by a finite family of positive additive functions on an
abelian category, and a corresponding family of real numbers called weights, which
form a finite-dimensional real vector space, the weight space. Fixing the values of
the additive functions defines a hyperplane arrangement on the weight space. We
describe how semistability and other related notions behave with respect to this
hyperplane arrangement.
2.A. Semistablity with respect to a weight
Let A be an abelian category. We say that a family (φi)i∈I of additive functions from
the set of objects of A to an ordered abelian group G is positive if φi(M) ≥ 0 for
every object M of A and for every i ∈ I, and if for every non-zero object M of A,
there exists an i ∈ I, such that φi(M) > 0. In particular, we say that an additive
function φ from A to G is positive if the singleton family (φ) is positive. If φ is a
positive additive function from A to G, then an object M of A is zero if and only
if φ(M) = 0, hence, if M ′ is a subobject of an object M , then φ(M ′) ≤ φ(M), and
equality holds if and only if M ′ =M . The category A is Noetherian and Artinian if
there exists a positive additive function from A to Z.
We now fix a non-empty finite positive family (φi)i∈I of additive functions from A
to Z. The dimension vector of any object M of A is the element φ(M) of NI that
is defined by
φ(M) = (φi(M))i∈I .
The rank of M is the natural number rk(M) defined by
rk(M) =
∑
i∈I
φi(M).
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Since (φi)i∈I is a positive family of additive functions from A to Z, the function rk
is a positive additive function from A to Z.
An element of the R-vector space RI is called a weight of A. We say that a weight
is rational (respectively, integral) if it belongs to the subset QI (respectively, ZI) of
RI . We fix a weight θ of A. We define the θ-degree of any object M of A to be the
real number degθ(M) given by
degθ(M) =
∑
i∈I
θiφi(M).
If M 6= 0, we define another real number µθ(M) by
µθ(M) =
degθ(M)
rk(M)
,
and call it the θ-slope of M .
Proposition 2.1. Let θ be any weight of A. Define a relation θ on the set of
non-zero objects of A, by setting M θ N if µθ(M) ≤ µθ(N). Then, θ is a stability
structure on A.
Proof. Let c(M) = degθ(M), and r(M) = rk(M), for every object M of A. Then, c
is an additive function from A to the ordered abelian group R, and r is a positive
additive function from A to Z. Moreover, in the notation of [5, Definition 3.1], the
function µθ is the (c : r) slope, and the relation θ the (c : r) preorder, on the set of
non-zero objects of A. Therefore, it follows from [5, Lemma 3.2 and Remark] that
θ is a stability structure on A. 
Let θ be a weight of A. An object of A is called θ-semistable (respectively, θ-stable,
θ-polystable) if it is semistable (respectively, stable, polystable) with respect to the
stability structure θ on A. If ζ is a strictly positive real number, and ω = ζθ, then
an object of A is θ-semistable (respectively, θ-stable, θ-polystable) if and only if it
is ω-semistable (respectively, ω-stable, ω-polystable).
There are obvious special versions of the statements in Propositions 1.1–1.2, with
semistable (respectively, stable) objects replaced by θ-semistable (respectively, θ-
stable) objects of A. Moreover, since rk is a positive additive function from A to
Z, the category A is Noetherian and Artinian. In particular, by Proposition 1.3,
every θ-semistable object of A has a Jordan-Ho¨lder filtration, and every object of
A has a unique Harder-Narasimhan filtration, with respect to θ. We say that two
θ-semistable objects of A are Sθ-equivalent if they are S-equivalent with respect to
θ.
There is a well-known definition of the stability of objects of A that is defined
by King in [3, p. 516]. Let λ be an additive function from A to R. Then, King
defines an object M of A to be λ-semistable(respectively, θ-stable) if it is non-
zero, if λ(M) = 0, and if λ(N) ≥ 0 (respectively, λ(N) > 0) for every non-zero
proper subobject N of M . The following Proposition shows that the notion of θ-
semistability (respectively, θ-stability) defined above is a special case of this definition
of λ-semistability (respectively, λ-stability).
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Proposition 2.2. Let θ be a weight of A, µ a real number, and c a strictly posi-
tive real number. Define an additive function λ from A to R, by putting λ(M) =
c(µ rk(M)−degθ(M)) for every object M of A. Let Oss(θ, µ) (respectively, Os(θ, µ))
be the set of all θ-semistable (respectively, θ-stable) objectsM of A, such that µθ(M) =
µ. Let Kss(λ) (respectively, Ks(λ)) be the set of all λ-semistable (respectively, λ-
stable) objects of A, in the sense of King. Then, Oss(θ, µ) = Kss(λ), and Os(θ, µ) =
Ks(λ).
Proof. The Proposition follows from the fact that rk(N) > 0 for every non-zero
object N of A. 
2.B. Facets with respect to a hyperplane arrangement
Let E be an affine space modelled after a finite-dimensional R-vector space T . We
will give T its usual topology. A hyperplane arrangement in E is a locally finite set
of hyperplanes in E. We fix a hyperplane arrangement H in E. For any subset X of
E, we define
H(X) = {H ∈ H |H ∩X 6= ∅}.
If X is a singleton {x}, we write H(x) for H(X).
For every hyperplane H in E, we define an equivalence relation ∼H on E by setting
x ∼H y if x and y belong to H , or if x and y are strictly on the same side of H .
We define ∼ to be the equivalence relation on E, which is the intersection of the
relations ∼H as H runs over H. The ∼-equivalence class of an element a of E is
called the facet of E through a with respect to H.
Let F be a facet of E. Then, for every point a in F , and for any element H of
H(a), we have F ⊂ H , hence
H(F ) = H(a) = {H ∈ H |F ⊂ H}.
In particular, sinceH is locally finite, the setH(F ) is finite. The intersection Supp(F )
of all the elements of H(F ) is called the support of F . It is an affine subspace of
E, whose dimension is called the dimension of F , and is denoted by dim(F ). The
closure F of F in E is a subset of Supp(F ).
Remark 2.3. Let F be a facet of E, and L its support. Then, F equals the interior
of F in L. In particular, F is open in L [2, Chapter V, § 1, no. 2, Proposition 3].
2.C. The hyperplane arrangement on the weight space
Let A be an abelian category, (φi)i∈I a non-empty finite positive family of additive
functions from A to Z, and rk a positive additive function from A to Z, as in Section
2.A. The R-vector space RI is called the weight space of A. We give it the usual,
that is, the product topology.
For all elements θ = (θi)i∈I of RI and d = (di)i∈I of NI , we define a real number
degθ(d), and a natural number rk(d), by
degθ(d) =
∑
i∈I
θidi, rk(d) =
∑
i∈I
di.
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If d is a non-zero element of NI , then rk(d) > 0, so for each θ ∈ RI , we have a real
number µθ(d), which is defined by
µθ(d) =
degθ(d)
rk(d)
.
For any two non-zero elements d and e of NI , we define an R-linear function f(d, e) :
RI → R by
f(d, e)(θ) = µθ(d)− µθ(e).
It is obvious that f(d, e) = 0 if and only if e ∈ Qd.
Fix a non-zero element d of NI . Let Sd denote the set of all elements e of N
I \Qd,
for which there exist an objectM of A, and a subobject N ofM , such that φ(M) = d
and φ(N) = e. Since the family (φi)i∈I of additive functions on A is positive, the set
Sd is contained in
∏
i∈I(N ∩ [0, di]), and is hence finite. For each e ∈ Sd, let
H(d, e) = Ker(f(d, e)) = {θ ∈ RI |µθ(e) = µθ(d)}.
Since e /∈ Qd, the function f(d, e) is non-zero, hence H(d, e) is a hyperplane in RI .
We thus get a finite hyperplane arrangement
H(d) = {H(d, e) | e ∈ Sd}
in the affine space RI .
We define sgn to be the function from R to the subset {−1, 0, 1} of R, which is −1
at every negative real number, vanishes at 0, and is 1 at every positive real number.
Proposition 2.4. Let F be a facet of RI with respect to the hyperplane arrangement
H(d), and let θ and ω be two elements of F . Let M be an object of A, such that
φ(M) = d, and let N be a non-zero subobject of M . Then,
sgn(µθ(M)− µθ(N)) = sgn(µω(M)− µω(N)).
Proof. Let e = φ(N), and let f = f(d, e) : RI → R. Then, for each weight λ of A,
we have
µλ(M)− µλ(N) = µλ(d)− µλ(e) = f(λ).
Therefore, we have to prove that sgn(f(θ)) = sgn(f(ω)). If f(θ) = f(ω) = 0, then
the equality to be proved is obvious. Suppose that either f(θ) or f(ω) is non-zero. By
interchanging θ and ω, we can assume that f(θ) 6= 0. Then, e /∈ Qd. As φ(M) = d
and φ(N) = e, this implies that e ∈ Sd. Thus, the hyperplane H = H(d, e) is an
element of H(d). Now, as H = Ker(f), f is a defining function of H . Moreover,
θ /∈ H , since f(θ) 6= 0. As θ and ω both belong to the same facet F , we have θ ∼H ω,
so θ and ω are strictly on the same side of H . Therefore, f(θ)f(ω) > 0. It follows
that sgn(f(θ)) = sgn(f(ω)). 
Proposition 2.5. Let d be a non-zero element of N I , F a facet of RI with respect
to the hyperplane arrangement H(d), and θ and ω two elements of F . Let M be an
object of A, such that φ(M) = d. Then, M is θ-semistable (respectively, θ-stable) if
and only if it is ω-semistable (respectively, ω-stable).
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Proof. As φ(M) = d is non-zero, and the family (φi)i∈I is positive, M is non-zero.
For each weight λ of A, and for each non-zero subobject N of M , define
gλ(N) = µλ(M)− µλ(N).
Then,M is λ-semistable if and only if gλ(N) ≥ 0, or equivalently, sgn(gλ(N)) belongs
to {0, 1}, for every non-zero subobject N of M . Similarly, M is λ-stable if and only
if sgn(gλ(N)) = 1 for every non-zero proper subobject N of M . Therefore, it suffices
to check that sgn(gθ(N)) = sgn(gω(N)) for every non-zero proper subobject N ofM .
As θ and ω belong to the same facet F , this is a consequence of Proposition 2.4. 
Proposition 2.6. Let d be a non-zero element of N I , F a facet of RI with respect
to the hyperplane arrangement H(d), and θ and ω two elements of F . Let M be an
object of A, such that φ(M) = d. Suppose that M is θ-semistable, and let (Mi)ni=0
be a Jordan-Ho¨lder filtration of M with respect to θ. Then, M is ω-semistable, and
(Mi)
n
i=0 is a Jordan-Ho¨lder filtration of M with respect to ω also.
Proof. The fact that M is ω-semistable has already been proved in Proposition 2.5.
For every i = 1, . . . , n, we have µθ(Mi−1) = µθ(M), hence, by Proposition 2.4,
sgn(µω(M)− µω(Mi−1)) = sgn(µθ(M)− µθ(Mi−1)) = 0,
so µω(Mi−1) = µω(M). It remains to prove that the quotient object Ni = Mi−1/Mi
is ω-stable for every i = 1, . . . , n.
We will first verify that µω(Ni) = µω(M) for all i = 1, . . . , n. If i = n, this follows
from the above paragraph, since Nn = Mn−1. Suppose 1 ≤ i ≤ n− 1. Then, both i
and i+ 1 belong to {1, . . . , n}, hence, by the above paragraph,
µω(Mi) = µω(Mi−1) = µω(M).
We also have a short exact sequence
0→ Mi →Mi−1 → Ni → 0,
of non-zero objects of A. Therefore, by the seesaw property of ω, we get
µω(Ni) = µω(Mi−1) = µω(M).
This proves that µω(Ni) = µω(M) for all i = 1, . . . , n.
Let i ∈ {1, . . . , n}. In view of the previous paragraph, to show that Ni is ω-stable,
it suffices to show that µω(X) < µω(M) for every proper non-zero subobject X of
Ni. To begin with, since Ni is θ-stable, we have
µθ(X) < µθ(Ni) = µθ(M).
Suppose first that i = n. Then, Ni = Mn−1, and X is a non-zero subobject of M ,
hence, by Proposition 2.4 and the above inequality,
sgn(µω(M)− µω(X)) = sgn(µθ(M)− µθ(X)) = 1.
It follows that µω(X) < µω(M). Suppose next that 1 ≤ i ≤ n−1. Let π : Mi−1 → Ni
be the canonical projection, and let Y = π−1(X), that is, the kernel of the composite
Mi−1
π−→ Ni → Ni/X.
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Thus, Y is a non-zero subobject of Mi−1, and we have a short exact sequence
0→Mi → Y → X → 0
of non-zero objects of A. By the above paragraphs,
µθ(Mi) = µθ(M) = µθ(Ni) > µθ(X).
Therefore, by the seesaw property of θ,
µθ(M) = µθ(Mi) > µθ(Y ),
hence, by Proposition 2.4,
sgn(µω(M)− µω(Y )) = sgn(µθ(M)− µθ(Y )) = 1,
so
µω(Mi) = µω(M) > µω(Y ).
Again, by the seesaw property of ω, we get µω(Mi) > µω(X), hence µω(M) >
µω(X). This proves that Ni is ω-stable. 
Proposition 2.7. Let d be a non-zero element of N I , F a facet of RI with respect
to the hyperplane arrangement H(d), and θ and ω two elements of F . Let M be
an object of A, such that φ(M) = d. Then, M is θ-polystable if and only if it is
ω-polystable.
Proof. Suppose M is θ-polystable. Then, M is θ-semistable, and there exists a
sequence (Mi)
n
i=1 of θ-stable objects of A, such that n ∈ N, Mi is θ-stable for each
i = 1, . . . , n, and M is isomorphic to
⊕n
i=1Mi. As M is non-zero, we in fact have
n ≥ 1. Also, by Proposition 2.5, M is ω-semistable. Let N =⊕ni=1Mi. Then, since
N is isomorphic to M , it is both θ-semistable and ω-semistable, and φ(N) = d. For
each i = 0, . . . , n, define Ni =
⊕n
j=i+1Mi. Then, (Ni)
n
i=0 is a decreasing sequence of
subobjects ofN , N0 = N , Nn = 0, and for each i = 1, . . . , n, Ni−1/Ni is isomorphic to
Mi, and is hence θ-stable. Moreover, since N is θ-semistable, by Proposition 1.1(3),
for every i = 1, . . . , n, we get
µθ(N) = µθ(Mi) = µθ(Ni−1).
Therefore, (Ni)
n
i=0 is a Jordan-Ho¨lder filtration of N with respect to θ. By Proposi-
tion 2.6, it is a Jordan-Ho¨lder filtration of N with respect to ω also. In particular, for
each i = 1, . . . , n, Ni−1/Ni is ω-stable, hence Mi is ω-stable. As M is ω-semistable,
and isomorphic to
⊕n
i=1Mi, it follows that M is ω-polystable. 
Proposition 2.8. Let d be a non-zero element of N I , F a facet of RI with respect
to the hyperplane arrangement H(d), and θ and ω two elements of F . Let M and
N be two objects of A, such that φ(M) = φ(N) = d. Suppose that M and N are
θ-semistable, and that M is Sθ-equivalent to N . Then, M and N are ω-semistable,
and M is Sω-equivalent to N .
Proof. Let (Mi)
n
i=0 and (Nj)
m
j=0 be Jordan-Ho¨lder filtrations of M and N , respec-
tively, with respect to θ. Then, by Proposition 2.6, M and N are ω-semistable,
and (Mi)
n
i=0 and (Nj)
m
j=0 are Jordan-Ho¨lder filtrations of M and N , respectively,
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with respect to ω. Now, because M is Sθ-equivalent to N , n = m, and there ex-
ists a permutation π ∈ Sn, such that Mi−1/Mi is isomorphic Nπ(i)−1/Nπ(i) for every
i = 1, . . . , n. As (Mi)
n
i=0 and (Nj)
m
j=0 are Jordan-Ho¨lder filtrations of M and N ,
respectively, with respect to ω, it follows that M is Sω-equivalent to N . 
Remark 2.9. We use the following fact in the next proof. Let V be a finite-dimensional
R-vector space, and V ′ a Q-structure on V . Let (fi)i∈I be a family of R-linear func-
tions from V to R, which are Q-rational. Let L =
⋂
i∈I Ker(fi). Then, the closure
of V ′ ∩ L in V equals L.
Proposition 2.10. Every facet of RI with respect to the hyperplane arrangement
H(d) contains an integral weight, that is, an element of ZI .
Proof. Every element e of Sd is an element of N
I , hence f(d, e) is Q-rational. Let F
be a facet of RI with respect to H(d), and let L = Supp(F ). Let K denote the set
of all elements e of Sd such that F ⊂ H(d, e). Then,
L =
⋂
e∈K
H(d, e) = Ker(f(d, e)),
hence, by Remark 2.9, the closure of QI ∩L in RI equals L. Now, by Remark 2.3, F
is open in L. Therefore, there exists an open subset U of RI , such that F = U ∩ L.
Let θ be an element of the non-empty set F . Then, θ belongs to the closure L of
QI ∩ L in RI , and U is an open neighbourhood of θ in RI , hence there exists an
element ξ in (QI ∩ L) ∩ U = QI ∩ F . Let n be a strictly positive integer such
that ω = nξ belongs to ZI . We claim that ω ∈ F . To see this, let e ∈ Sd. Then,
f(d, e) is R-linear, hence f(d, e)(ω) = nf(d, e)(ξ). As n > 0, this implies that
sgn(f(d, e)(ω)) = sgn(f(d, e)(ξ)). Since f(d, e) is a defining function of H(d, e), it
follows that ω ∼H(d,e) ξ. As this is true for all e ∈ Sd, ω ∼ ξ, hence ω belongs to the
facet F of RI through ξ. Thus, ω is an element of ZI ∩ F . 
Proposition 2.11. Let d be a non-zero element of NI , and let θ ∈ RI. Then, there
exists an integral weight ω of A, with the following properties:
(1) Any object M of A, such that φ(M) = d, is θ-semistable (respectively, θ-
stable, θ-polystable) if and only if it is ω-semistable (respectively, ω-stable,
ω-polystable).
(2) If M is a θ-semistable object of A such that φ(M) = d, then every Jordan-
Ho¨lder filtration of M with respect to θ is a Jordan-Ho¨lder filtration of M
with respect to ω, and conversely.
(3) Two θ-semistable objects M and N of A, such that φ(M) = φ(N) = d, are
Sθ-equivalent if and only if they are Sω-equivalent.
Proof. This Proposition follows immediately from Propositions 2.5–2.8 and 2.10. 
3. Representations of quivers
In this section, we will specialise the constructs of the previous sections to the specific
abelian category of the representations of a quiver over a field. We begin by defining
quivers and their representations. We then formulate the notion of the semistability
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of a representation of a quiver with respect to a weight, as an instance of the general
theory described in Section 2.A. In the last part of the Section, we look at special
Hermitian metrics on complex representations of a quiver.
3.A. The category of representations
A quiver Q is a quadruple (Q0, Q1, s, t), where Q0 and Q1 are sets, and s : Q1 → Q0,
and t : Q1 → Q0 are functions. The elements of Q0 are called the vertices of Q,
and those of Q1 are called the arrows of Q. For any arrow α of Q, the vertex s(α)
is called the source of α, and the vertex t(α) is called the target of α. If s(α) = a
and t(α) = b, then we say that α is an arrow from a to b, and write α : a→ b. We
say that Q is vertex-finite if the set Q0 is finite, arrow-finite if the set Q1 is finite,
and finite if it is both vertex-finite and arrow-finite. The quiver (∅, ∅, s, t), where s
and t are the empty functions, is called the empty quiver. We say that a quiver Q is
non-empty if it is not equal to the empty quiver, or equivalently, if the set Q0 of its
vertices is non-empty.
Let k be a field. A representation of Q over k is a pair (V, ρ), where V = (Va)a∈Q0 is
a family of finite-dimensional k-vector spaces, and ρ = (ρα)α∈Q1 is a family of k-linear
maps ρα : Vs(α) → Vt(α). We will often drop the base field k from the terminology.
If (V, ρ) and (W,σ) are two representations of Q, then a morphism from (V, ρ) to
(W,σ) is a family f = (fa)a∈Q0 of k-linear maps fa : Va → Wa, such that for every
α ∈ Q1, the diagram
Vs(α)
ρα
//
fs(α)

Vt(α)
ft(α)

Ws(α) σα
// Wt(α)
commutes. If (V, ρ), (W,σ), and (X, τ) are three representations of Q, f a morphism
from (V, ρ) to (W,σ), and g a morphism from (W,σ) to (X, τ), then the composite
of f and g is the family g ◦ f defined by g ◦ f = (ga ◦ fa)a∈Q0 . It is easy to verify that
g ◦ f is a morphism from (V, ρ) to (X, τ). We thus get a category Repk(Q), whose
objects are representations of Q over k, and whose morphisms are defined as above.
For any two representations (V, ρ) and (W,σ) of Q, the set Hom((V, ρ), (W,σ))
is a k-subspace of the k-vector space
⊕
a∈Q0 Homk(Va,Wa). If (X, τ) is another
representation of Q, then the composition operator
Hom((W,σ), (X, τ))× Hom((V, ρ), (W,σ))→ Hom((V, ρ), (X, τ))
is k-bilinear. Any representation (V, ρ) such that the k-vector space Va is zero for
all a ∈ Q0 is a zero object in this category. For every finite family (Vi, ρi)i∈I of
representations of Q, the pair (V, ρ), which is defined by
Va =
⊕
i∈I
Vi,a, ρα =
⊕
i∈I
ρi,α,
for all a ∈ Q0 and α ∈ Q1, is a coproduct of (Vi, ρi)i∈I in Repk(Q). Thus, Repk(Q)
is a k-linear additive category.
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If f : (V, ρ)→ (W,σ) is a morphism of representations of Q, then the pair (V ′, ρ′),
where V ′a = Ker(fa) for all a ∈ Q0, and ρ′α : V ′s(α) → V ′t(α) is the restriction of
ρα for each α ∈ Q1, is a representation of Q, and there is an obvious morphism
i : (V ′, ρ′) → (V, ρ), which is given by the inclusion maps ia : V ′a → Va for all
a ∈ Q0. The representation (V ′, ρ′), together with the morphism i, is a kernel of
f in Repk(Q). Similarly, the pair (W
′, σ′), where W ′a = Coker(fa) for all a ∈ Q0,
and σ′α : W
′
s(α) → W ′t(α) is the k-linear map induced by σα for each α ∈ Q1, is a
representation of Q, and there is a morphism π : (W,σ) → (W ′, σ′), which is given
by the canonical projections πa : Wa → W ′a for all a ∈ Q0. The representation
(W ′, σ′), together with the morphism π, is a cokernel of f in Repk(Q). Thus, every
morphism in this additive category has a kernel and a cokernel. It is obvious that
the canonical morphism from Coker(i) to Ker(π) is an isomorphism. It follows that
Repk(Q) is a k-linear abelian category.
A subrepresentation of a representation (V, ρ) of Q is a subobject of (V, ρ) in the
category Repk(Q). Every family (Vi, ρi)i∈I of subrepresentations of (V, ρ) has a meet⋂
i∈I(Vi, ρi), and a join
∑
i∈I(Vi, ρi). Thus, the category Repk(Q) has all meets and
joins of subobjects.
Remark 3.1. For every representation (V, ρ) of Q, and for any element c of k, we have
a representation (V, cρ) of Q, where cρ = (cρα)α∈Q1 . If (W,σ) is a subrepresentation
of (V, ρ), then (W, cσ) is a subrepresentation of (V, cρ). It is also obvious that if
(Vi, ρi)i∈I is a finite family of representations of Q, then
(
⊕
Vi, c(
⊕
i∈I
ρi)) = (
⊕
Vi,
⊕
i∈I
(cρi)).
Lastly, if f : (V, ρ)→ (W,σ) is a morphism of representations of Q, then f is also a
morphism of representations from (V, cρ) to (W, cσ).
3.B. Semistability and stability of representations
Fix a non-empty vertex-finite quiver Q, and a field k. For every representation (V, ρ)
of Q over k, and a ∈ Q0, let
dima(V, ρ) = dimk(Va).
Then, (dima(V, ρ))a∈Q0 is a non-empty finite positive family of additive functions
from the abelian category Repk(Q) to Z. Therefore, the statements of Section 2 are
applicable here. The following are the versions for representations of some of the
notions defined there.
For every representation (V, ρ), the element
dim(V, ρ) = (dimk(Va))a∈Q0
of NQ0 is called the dimension vector of (V, ρ), and the natural number
rk(V, ρ) =
∑
a∈Q0
dimk(Va)
is called the rank of (V, ρ).
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An element of theR-vector spaceRQ0 is called a weight of Q. We say that a weight
is rational (respectively, integral) if it belongs to the subset QQ0 (respectively, ZQ0)
of RQ0. We fix a weight θ of Q.
For any representation (V, ρ) of Q, the θ-degree of (V, ρ) is the real number
degθ(V, ρ) =
∑
a∈Q0
θadimk(Va).
If (V, ρ) 6= 0, the real number
µθ(V, ρ) =
degθ(V, ρ)
rk(V, ρ)
,
is called the θ-slope of (V, ρ).
A representation (V, ρ) of Q is called θ-semistable (respectively, θ-stable) if it is
non-zero, and if
µθ(W,σ) ≤ µθ(V, ρ) (respectively, µθ(W,σ) < µθ(V, ρ))
for every non-zero proper subrepresentation (W,σ) of (V, ρ). We say that a repre-
sentation of Q is θ-polystable if it is θ-semistable, and is isomorphic to the direct
sum of a finite family of θ-stable representations of Q. There are obvious versions
for representations of all the results of Section 2.
Remark 3.2. For any non-zero element c of k, the θ-semistability (respectively, θ-
stability, θ-polystability) of a representation (V, ρ) of Q over k is equivalent to the
θ-semistability (respectively, θ-stability, θ-polystability) of (V, cρ). Also, if ζ is a
strictly positive real number, and ω = ζθ, then a representation of Q is θ-semistable
(respectively, θ-stable, θ-polystable) if and only if it is ω-semistable (respectively,
ω-stable, ω-polystable).
3.C. Einstein-Hermitian metrics on complex representations
Let Q be a non-empty finite quiver, and fix a weight θ of Q. All the representations
of Q considered in this subsection will be over C.
A Hermitian metric on a representation (V, ρ) of Q is a family h = (ha)a∈Q0 of
Hermitian inner products ha : Va × Va → C. Given a Hermitian metric h on (V, ρ),
for every vertex a of Q0, we have an endomorphism Kθ(V, ρ)a of the C-vector space
Va, which is defined by
Kθ(V, ρ)a = θa1Va +
∑
α∈t−1(a)
ρα ◦ ρ∗α −
∑
α∈s−1(a)
ρ∗α ◦ ρα,
where, for each α ∈ Q1, ρ∗α : Vt(α) → Vs(α) is the adjoint of ρα : Vs(α) → Vt(α) with
respect to the Hermitian inner products hs(α) and ht(α) on Vs(α) and Vt(α), respectively.
We say that the metric h is Einstein-Hermitian with respect to θ if there exists a
constant c ∈ C, such that
Kθ(V, ρ)a = c1Va
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for all a ∈ Q0. If this is the case, and if (V, ρ) is non-zero, then it is easy to see that
c = µθ(V, ρ), hence∑
α∈t−1(a)
ρα ◦ ρ∗α −
∑
α∈s−1(a)
ρ∗α ◦ ρα = (µθ(V, ρ)− θa) 1Va
for all a ∈ Q0. If we are considering more than one Hermitian metric on (V, ρ), and
want to indicate the dependence of Kθ(V, ρ) on the metric, we will write Kθ(V, ρ, h)
instead of Kθ(V, ρ).
The following Proposition is a consequence of [3, Proposition 6.5]. The restriction
to rational weights here is due to the fact that the cited result is proved in that
reference only for integral weights.
Proposition 3.3. Let θ be a rational weight of Q, and (V, ρ) a non-zero represen-
tation of Q. Then, (V, ρ) has an Einstein-Hermitian metric with respect to θ if and
only if it is θ-polystable. Moreover, if h1 and h2 are two Einstein-Hermitian metrics
on (V, ρ) with respect to θ, then there exists an automorphism f of (V, ρ), such that
h1,a(v, w) = h2,a(fa(v), fa(w))
for all a ∈ Q0 and v, w ∈ Va.
Given a Hermitian metric h on a representation (V, ρ) of Q, we say that two
subrepresentations (V1, ρ1) and (V2, ρ2) of (V, ρ) are orthogonal with respect to h if
for every a ∈ Q0, the subspaces V1,a and V2,a of Va are orthogonal with respect to
the Hermitian inner product ha on Va.
Corollary 3.4. Let θ be a rational weight of Q, (V, ρ) a non-zero representation
of Q, and h an Einstein-Hermitian metric on (V, ρ) with respect to θ. Then, there
exists a finite family (Vi, ρi)i∈I of θ-stable subrepresentations of Q, such that (V, ρ) =⊕
i∈I(Vi, ρi), and such that, for all i, j ∈ I with i 6= j, (Vi, ρi) and (Vj, ρj) are
orthogonal with respect to h.
Proof. By Proposition 3.3, (V, ρ) is θ-polystable, hence there exists a finite family
(Wi, σi)i∈I of θ-stable subrepresentations of Q, such that (V, ρ) =
⊕
i∈I(Wi, σi). For
each i ∈ I, there exists an Einstein-Hermitian metric hi on (Wi, σi). Let h′ denote
the Hermitian metric ⊕i∈Ihi on (V, ρ). Then, h′ is an Einstein-Hermitian metric on
(V, ρ). Therefore, there exists an automorphism f of (V, ρ), such that h′a(v, w) =
ha(fa(v), fa(w)) for all a ∈ Q0 and v, w ∈ Va. Let (Vi, ρi) = f((Wi, σi)) for every
i ∈ I. Then, (Vi, ρi)i∈I is the desired family of subrepresentations of (V, ρ). 
Let h be a Hermitian metric on (V, ρ). We say that an endomorphism f of (V, ρ)
is skew-Hermitian with respect to h if for every a ∈ Q0, the endomorphism fa of Va
is skew-Hermitian with respect to ha, that is,
ha(fa(v), w) + ha(v, fa(w)) = 0
for all v, w ∈ Va. We denote the set of all skew-Hermitian endomorphisms of
(V, ρ) with respect to h by End(V, ρ, h). It is an R-subspace of the C-vector space
End(V, ρ). We say that h is irreducible if for every endomorphism f of (V, ρ) that
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is skew-Hermitian with respect to h, there exists λ ∈ C, such that f = λ1(V,ρ). The
complex number λ is then purely imaginary, hence h is irreducible if and only if
End(V, ρ, h) =
√−1R1(V,ρ).
The following result on irreducible representations can be proved easily.
Proposition 3.5. Let (V, ρ) be a non-zero representation of Q, and h a Hermitian
metric on (V, ρ). Then, the following are equivalent:
(1) h is irreducible.
(2) If (Vi, ρi)i∈I is a finite family of subrepresentations of (V, ρ),
(V, ρ) =
⊕
i∈I
(Vi, ρi),
and (Vi, ρi) and (Vj, ρj) are orthogonal with respect to h for all i, j ∈ I with
i 6= j, then there exists i ∈ I, such that (Vi, ρi) = (V, ρ).
Proposition 3.6. Let θ be a rational weight of Q, (V, ρ) a non-zero representation
of Q, and h an Einstein-Hermitian metric on (V, ρ) with respect to θ. Then, the
following are equivalent:
(1) h is irreducible.
(2) (V, ρ) is θ-stable.
(3) (V, ρ) is Schur.
Proof. (1)⇒(2): Suppose h is irreducible. Since h is Einstein-Hermitian with respect
to θ, by Corollary 3.4, there exists a finite family (Vi, ρi)i∈I of θ-stable subrepresen-
tations of Q, such that (V, ρ) =
⊕
i∈I(Vi, ρi), and such that, for all i, j ∈ I with
i 6= j, (Vi, ρi) and (Vj, ρj) are orthogonal with respect to h. As h is irreducible, by
Proposition 3.5, there exists i ∈ I such that (V, ρ) = (Vi, ρi). Therefore, (V, ρ) is
θ-stable.
(2)⇒(3): Follows from Proposition 1.2(3).
(3)⇒(1): Suppose f is a skew-Hermitian endomorphism of (V, ρ). Then, by Propo-
sition 1.2(3)–(4), there exists λ ∈ C such that f = λ1(V,ρ). Therefore, h is irre-
ducible. 
4. Families of representations
Fix a non-empty finite quiver Q. We will consider only complex representations of
Q in this section.
4.A. Families parametrised by complex spaces
Let T be a complex space. By the Zariski topology on T , we mean the topology
whose closed sets are the analytic subsets of T . It is obviously coarser than the given
topology on T , which we will call the strong topology. In this context, the terms
“open”, “continuous”, etc., without any qualifiers, are with respect to the strong
topology. As usual, we denote the structure sheaf of T by OT . If E is any OT -
module, then for any t ∈ T , we denote by Et the OT,t-module which is the stalk of E
at t, and by E(t) the fibre of E at t, that is, the C-vector space C⊗OT,t Et. For any
element γ of Et, we denote the value of γ at t, that is, the canonical image of γ in
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E(t), by γ(t). If U is an open neighbourhood of t, and s ∈ E(U), we denote by st the
germ of s at t, that is, the canonical image of s in Et, and by s(t) the value of s at t,
that is, the elementst(t) of E(t). If f : E → F is a morphism of OT -modules, then
for each t ∈ T , we have a canonical OT,t-linear map ft : Et → Ft, and a canonical
C-linear map f(t) : E(t) → F (t). We will identify any holomorphic vector bundle
on E with the OT -module of its holomorphic sections.
A family of representations of Q parametrised by a complex space T is a pair
(V, ρ), where V = (Va)a∈Q0 is a family of holomorphic vector bundles on T , and
ρ = (ρα)α∈Q1 is a family of morphisms ρα : Vs(α) → Vt(α) of holomorphic vector bun-
dles on T . There are obvious notions of a morphism f : (V, ρ)→ (W,σ) between two
families of representations of Q parametrised by T , and the restriction (E, ρ)|U of a
family of representations of Q parametrised by T to an open subspace U of T . We
thus get the category RepT (Q) of families of representations of Q parametrised by
T , and the sheaf Hom ((V, ρ), (W,σ)) of morphisms between two families of represen-
tations of Q parametrised by T . The latter is an OT -submodule of the OT -module
⊕a∈Q0HomOT (Va,Wa). For every morphism f : (V, ρ) → (W,σ) of families of rep-
resentations of Q parametrised by T , and open subset U of T , we have an obvious
restriction f |U : (V, ρ)|U → (W,σ)|U .
Remark 4.1. Given two families of representations (V, ρ) and (W,σ) ofQ parametrised
by T , we define two OT -modules E and F by
E = ⊕a∈Q0HomOT (Va,Wa), F = ⊕α∈Q1HomOT (Vs(α),Wt(α)),
and a morphism u : E → F of OT -modules by
uU(f) = (ft(α) ◦ ρα|U − σα|U ◦ fs(α))α∈Q1 ,
for every open subset U of T , and for every f = (fa)a∈Q0 in
E(U) = ⊕a∈Q0Hom(Va|U ,Wa|U).
By the definition of u, we have (Ker(u))(U) = Hom((V, ρ)|U , (W,σ)|U) for every
open subset U of T , hence Hom((V, ρ), (W,σ)) = Ker(u). The assumption that
Q is finite, and the fact that Va is locally free for every a ∈ Q0, imply that E
and F are locally free, hence coherent, OT -modules. It follows that the OT -module
Hom((V, ρ), (W,σ)) is coherent.
Let f : T ′ → T be a morphism of complex spaces, and (V, ρ) a family of repre-
sentations of Q parametrised by T . For each a ∈ Q0, define a holomorphic vector
bundle Ma on T
′, by Ma = f ∗(Va). Then, for each α ∈ Q1, we have a morphism
φα = f
∗(ρα) : Ms(α) → Mt(α) of holomorphic vector bundles on T ′. We thus, get a
family (M,φ) of representations of Q parametrised by T ′. We call it the pullback of
(V, ρ) by f , and will denote it by f ∗(V, ρ). In particular, if U is an open subspace
of T , and if f : U → T is the canonical morphism of ringed spaces, then f ∗(V, ρ) is
canonically isomorphic to the restriction (V, ρ)|U . If A is any complex subspace of
T , and f : A → T the canonical morphism, we will call f ∗(V, ρ) the restriction of
(V, ρ) to A, and will denote it by (V, ρ)|A.
Suppose (V, ρ) is a family of representations of Q parametrised by T . Then, for
each point t ∈ T , we get a representation (V (t), ρ(t)) of Q over C, which is defined
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by V (t) = (Va(t))a∈Q0 and ρ(t) = (ρα(t))α∈Q1. If P is any property of representations
of Q over an arbitrary field, we say that (V, ρ) has the property P if for every t ∈ T ,
the representation (V (t), ρ(t)) of Q over C has the property P . We can thus speak
of a family of non-zero representations of Q parametrised by T , a family of Schur
representations of Q parametrised by T , etc. If θ is a weight in RQ0, we can speak of
a family of θ-stable representations of Q parametrised by T , a family of θ-semistable
representations of Q parametrised by T , etc.
Proposition 4.2. Let T be a complex space, (V, ρ) and (W,σ) two families of rep-
resentations of Q parametrised by T , and u : E → F the morphism of OT -modules
defined in Remark 4.1. Then, for every t ∈ T , there is a canonical isomorphism
Hom((V (t), ρ(t)), (W (t), σ(t))) ∼= Ker(u(t))
of C-vector spaces. In particular, the function
t 7→ dimC(Hom((V (t), ρ(t)), (W (t), σ(t)))) : T → N
is upper semi-continuous with respect to the Zariski topology on T .
Proof. For every point t ∈ T , we have canonical identifications
E(t) = ⊕a∈Q0HomC(Va(t),Wa(t)), F (t) = ⊕α∈Q1HomC(Vs(α)(t),Wt(α)(t)),
since the OT -modules Va and Wa are locally free for every a ∈ Q0. Under these
identifications, the C-linear map u(t) : E(t)→ F (t) takes any element f = (fa)a∈Q0
of E(t) to the element (ft(α) ◦ ρα(t)−σα(t) ◦ fs(α))α∈Q1 of F (t). Therefore, we have a
canonical C-isomorphism Ker(u(t)) ∼= Hom((V (t), ρ(t)), (W (t), σ(t))). But, as both
E and F are locally free, the function t 7→ dimC(Ker(u(t))) from T to N is upper
semi-continuous with respect to the Zariski topology on T . 
Corollary 4.3. Let T be a complex space, and (V, ρ) a family of representations of
Q parametrised by T . Then, the subset
{t ∈ T | dimC(End(V (t), ρ(t))) 6= 1}.
of T is analytic.
Corollary 4.4. Let T be a complex space, and (V, ρ) and (W,σ) two families of
representations of Q parametrised by T . Suppose that T is reduced, and that the
function
t 7→ dimC(Hom((V (t), ρ(t)), (W (t), σ(t)))) : T → N
is locally constant. Then, the OT -module Hom ((V, ρ), (W,σ)) is locally free. More-
over, for every t ∈ T , there is a canonical C-isomorphism
(Hom((V, ρ), (W,σ)))(t) ∼= Hom((V (t), ρ(t)), (W (t), σ(t))).
Proof. Let u : E → F be the morphism of OT -modules defined in Remark 4.1.
Then, Hom((V, ρ), (W,σ)) = Ker(u). Moreover, by Proposition 4.2, for every t ∈ T ,
the C-vector spaces Hom((V (t), ρ(t)), (W (t), σ(t))) and Ker(u(t)) are canonically
isomorphic. Therefore, the function t 7→ dimC(Ker(u(t))) from T to N is locally
constant. Since the OT -modules E and F are locally free, and T is reduced, this
implies that the OT -module Ker(u) is locally free, and that for every t ∈ T , there is
a canonical C-isomorphism (Ker(u))(t) ∼= Ker(u(t)). 
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Corollary 4.5. Let (V, ρ) be a family of representations of Q parametrised by a
complex space T . Then, the subset of T , consisting of all the points t ∈ T such
that the representation (V (t), ρ(t)) of Q over C is Schur, is open with respect to the
Zariski topology on T .
Proof. Let Tschur denote the said subset of T . By Proposition 1.2(4), Tschur equals
the set of all the points t ∈ T , such that dimC(End(V (t), ρ(t))) = 1. Therefore, by
Corollary 4.3, T \ Tschur is an analytic subset of T , and is hence Zariski closed. 
Corollary 4.6. Let f1 : S → T1 and f2 : S → T2 be morphisms of complex analytic
spaces, (V, ρ) a family of representations of Q parametrised by T1, and (W,σ) a family
of representations of Q parametrised by T2. Then, the function
s 7→ dimC(Hom((V (f1(s)), ρ(f1(s))), (W (f2(s)), σ(f2(s))))) : S → N
is upper semi-continuous with respect to the Zariski topology on S.
Proof. Let (M,φ) = f ∗1 (V, ρ) and (N,ψ) = f
∗
2 (W,σ). Then, for every s ∈ S, we have
canonical isomorphisms
(M(s), φ(s)) ∼= (V (f1(s)), ρ(f1(s))), (N(s), ψ(s)) ∼= (W (f2(s)), σ(f2(s)))
of representations of Q over C, hence we get a canonical C-isomorphism
Hom((M(s), φ(s)), (N(s), ψ(s))) ∼= Hom((V (f1(s)), ρ(f1(s))), (W (f2(s)), σ(f2(s)))).
The Corollary now follows from Proposition 4.2. 
4.B. The Hausdorff property
Let R be an equivalence relation on a topological space T . We say that two points
t1 and t2 in T are separated with respect to R if there exist an open neighbourhood
U1 of t1, and an open neighbourhood U2 of t2, in T , such that U1 ∩ U2 = ∅, and
both U1 and U2 are saturated with respect to R. This is equivalent to the condition
that there exist an open neighbourhood U ′1 of π(t1), and an open neighbourhood U
′
2
of π(t2), in T
′, such that U ′1 ∩ U ′2 = ∅, where T ′ = T/R is the quotient topological
space of T by R, π : T → T ′ the canonical projection. We say that R is open if the
saturation with respect to R of any open subset of T is open in T . This is equivalent
to the condition that π : T → T ′ is an open map.
Remark 4.7. It is easy to verify the following facts:
(1) The closure of R in T × T equals the set of all points (t1, t2) in T × T such
that t1 and t2 are not separated with respect to R.
(2) The quotient topological space T ′ = T/R is Hausdorff if and only if R is
closed in T × T .
Let T be a complex space, and (V, ρ) a family of representations of Q parametrised
by T . Define a relation R on T by setting t1Rt2 if the representations (V (t1), ρ(t1))
and (V (t2), ρ(t2)) of Q over C are isomorphic. This is an equivalence relation on T .
We will call it the equivalence relation on T induced by (V, ρ).
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Lemma 4.8. Let T be a complex space, (V, ρ) a family of non-zero representations
of Q parametrised by T , and R the equivalence relation on T induced by (V, ρ). Let
Z denote the closure of R with respect to the Zariski topology on the product complex
space T × T . Then, for every point (t1, t2) ∈ Z, there exist non-zero morphisms
f : (V (t1), ρ(t1))→ (V (t2), ρ(t2)), g : (V (t2), ρ(t2))→ (V (t1), ρ(t1))
of representations of Q over C.
Proof. Let
A1 = {(t1, t2) ∈ T × T |Hom((V (t1), ρ(t1)), (V (t2), ρ(t2))) 6= 0},
and
A2 = {(t1, t2) ∈ T × T |Hom((V (t2), ρ(t2)), (V (t1), ρ(t1))) 6= 0}.
Then, it is obvious that R is a subset of A1∩A2. On the other hand, by Corollary 4.6,
A1 and A2 are closed in the Zariski topology on T × T , and hence so is A1 ∩ A2. It
follows that Z ⊂ A1 ∩ A2. 
Proposition 4.9. Let T be a complex space, θ : T → RQ0 a continuous function, and
(V, ρ) a family of representations of Q parametrised by T . Suppose that the equiva-
lence relation R on T induced by (V, ρ) is open, that the representation (V (t), ρ(t))
over C is θ(t)-stable for every t ∈ T , and that the function θ is R-invariant. Then,
the quotient topological space T/R is Hausdorff.
Proof. By Remark 4.7(2), it suffices to prove that R is strongly closed in T ×T . Let
(t1, t2) be any point in the strong closure F of R in T ×T . Obviously, F is contained
in the Zariski closure of R in T × T , hence, by Lemma 4.8, there exists a non-zero
morphism f : (V (t1), ρ(t1))→ (V (t2), ρ(t2)) of representations of Q over C. Now, for
every a ∈ Q0, the rank function t 7→ dimC(Va(t)) : T → N of the vector bundle Va
is locally constant. Therefore, as θ is continuous, the function φ : T → NQ0 ×RQ0,
which is defined by φ(t) = (dim(V (t), ρ(t)), θ(t)), is continuous. Thus, the set
G = {(t, t′) ∈ T × T | φ(t) = φ(t′)}
is strongly closed in T × T . As θ is R-invariant, R ⊂ G. Therefore, F ⊂ G,
hence φ(t1) = φ(t2). This implies that µθ(V (t1), ρ(t1)) = µθ(V (t2), ρ(t2)), where θ =
θ(t1) = θ(t2). Since (V (t), ρ(t)) is θ(t)-stable for all t ∈ T , by Proposition 1.2(1d), we
see that f is an isomorphism. Therefore, (t1, t2) ∈ R. This proves that R is strongly
closed in T × T . 
5. The moduli space of Schur representations
5.A. Quotient premanifolds
By a complex premanifold, we mean a complex manifold without any separation
or countability conditions, that is, a topological space with a maximal holomorphic
atlas. We use the term complex manifold for a complex premanifold whose underlying
topological space is Hausdorff.
Let R be an equivalence relation on a complex premanifold X , Y the quotient
topological space X/R, and p : X → Y the canonical projection. It is a theorem of
Godement that the following statements are equivalent:
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(1) There exists a structure of a complex premanifold on Y with the property
that p is a holomorphic submersion.
(2) The relation R is a subpremanifold of X ×X , and the restricted projection
pr1 : R→ X is a submersion.
Moreover, in that case, such a complex premanifold structure on Y is unique [6,
Part II, Chapter III, § 12, Theorems 1–2].
We will use the above theorem in the context of group actions. Let X be a
topological space, and G a topological group. Suppose that we are given a continuous
right action of G on X . Let R denote the equivalence relation on X defined by this
action, and τ : X ×G→ R the map (x, g) 7→ (x, xg). For any two subsets A and B
of X , let
PG(A,B) = {g ∈ G |Ag ∩ B 6= ∅}.
If the action of G on X is free, then for every (x, y) ∈ R, there exists a unique
element φ(x, y) of G, such that y = xφ(x, y); we thus get a map φ : R → G, which
is called the translation map of the given action. We say that the action of G on X
is principal if it is free, and its translation map is continuous.
Remark 5.1. It is easy to verify the following assertions:
(1) The action of G on X is free if and only if the map τ is injective.
(2) The following statements are equivalent:
(a) The action of G on X is principal.
(b) The action of G on X is free, and its translation map is continuous at
(x, x) for all x ∈ X .
(c) The action of G on X is free, and for every point x ∈ X , and for
every neighbourhood V of the identity element e of G, there exists a
neighbourhood U of x in X , such that PG(U, U) ⊂ V .
(d) The map τ is a homeomorphism.
Lemma 5.2. Let X be a complex premanifold, and G a complex Lie group. Suppose
that we are given a principal holomorphic right action of G on X. Let R be the
equivalence relation on X defined by the action of G, and τ : X × G → R the
map (x, g) 7→ (x, xg). Then, R is a complex subpremanifold of X × X, and τ is a
biholomorphism.
Proof. Let σ : X ×G→ X ×X be the map (x, g) 7→ (x, xg). Thus, σ(X ×G) = R,
and τ : X × G → R is the map induced by σ. Since the action of G on X is
principal, by Remark 5.1, the map τ is a homeomorphism. The map σ is obviously
holomorphic. As the action of G on X is free, σ is an immersion. Therefore, σ is a
holomorphic embedding, its image R is a complex subpremanifold of X ×X , and τ
is a biholomorphism. 
Lemma 5.3. Let p : X → Y be a surjective holomorphic submersion of complex
premanifolds, and G a complex Lie group. Suppose that we are given a principal
holomorphic right action of G on X, such that p−1(p(x)) = xG for all x ∈ X. Then,
this action makes p a holomorphic principal G-bundle.
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Proof. Let R be the equivalence relation on X defined by the action of G, and
τ : X × G → R the map (x, g) 7→ (x, xg). Then, by Lemma 5.2, R is a complex
subpremanifold of X ×X , and τ is a biholomorphism. Let b ∈ Y . As p is surjective,
there exists a point a ∈ p−1(b). Since p is a submersion at a, there exist an open
neighbourhood V of b in Y , and a holomorphic section s : V → X of p, such that
s(b) = a. The hypothesis on the fibres of p implies that the map (c, g) 7→ s(c)g is
a G-equivariant holomorphic bijection u from V ×G onto p−1(V ). Its inverse is the
composite
p−1(V )
α−→ (p−1(V )× p−1(V )) ∩ R β−→ p−1(V )×G γ−→ V ×G,
where
α(x) = (x, s(p(x))), β(y, z) = τ−1(y, z), γ(x, g) = (p(x), g)
for all x ∈ p−1(V ), (y, z) ∈ (p−1(V ) × p−1(V )) ∩ R, and g ∈ G. Since τ−1 is
holomorphic, u−1 is also holomorphic. By definition, p(u(c, g)) = c for all c ∈ V and
g ∈ G. Thus, u is a local trivialisation of p at b. It follows that p is a holomorphic
principal G-bundle. 
Remark 5.4. The proof of Lemma 5.3 also works to show that if p : X → Y is a
surjective smooth submersion of smooth premanifolds, and G a real Lie group, and
if we are given a principal smooth right action of G on X , such that p−1(p(x)) = xG
for all x ∈ X , then this action makes p a smooth principal G-bundle.
Proposition 5.5. Let X be a complex premanifold, and G a complex Lie group.
Suppose that we are given a principal holomorphic right action of G on X. Let Y
be the quotient topological space X/G, and p : X → Y the canonical projection.
Then, there exists a unique structure of a complex premanifold on Y such that p is a
holomorphic submersion. This structure makes p a holomorphic principal G-bundle.
Proof. Let R be the equivalence relation on X defined by the action of G, and
τ : X × G → R the map (x, g) 7→ (x, xg). Then, by Lemma 5.2, R is a complex
subpremanifold of X × X , and τ is a biholomorphism. Since pr1 ◦ τ = pr1, and
pr1 : X×G→ X is clearly a submersion, it follows that pr1 : R→ X is a submersion.
Therefore, by Godement’s theorem, there exists a unique structure of a complex
premanifold on Y , such that p is a holomorphic submersion. It is obvious that p is
surjective, and that p−1(p(x)) = xG for all x ∈ X . Therefore, by Lemma 5.3, p is a
holomorphic principal G-bundle. 
Let G be a complex Lie group acting holomorphically on the right of a complex
premanifold X , Y the quotient topological space X/G, and p : X → Y the canonical
projection. Let H be a normal complex Lie subgroup of G, G the complex Lie group
H\G, and π : G → G the canonical projection. If the stabiliser Gx of any point
x ∈ X equals H , then there is an induced holomorphic right action of G on X .
Corollary 5.6. Suppose that the stabiliser Gx of any point x ∈ X equals H, and
that for each x ∈ X, and H-invariant neighbourhood V of e in G, there exists a
neighbourhood U of x in X, such that PG(U, U) ⊂ V . Then, the action of G on X is
principal, and there exists a unique structure of a complex premanifold on Y , such
MODULI OF QUIVER REPRESENTATIONS 23
that p is a holomorphic submersion. Moreover, with the induced action of G on X,
p is a holomorphic principal G-bundle.
Proof. The induced action of G on X is free, since Gx = H for all x ∈ X . Let
x ∈ X , and let W be a neighbourhood of e in G. Then, V = π−1(W ) is an H-
invariant neighbourhood of e in G. Therefore, by hypothesis, there exists an open
neighbourhood U of x in X , such that PG(U, U) ⊂ V . Now, U = U ∩X is an open
neighbourhood of x in X , and PG(U, U) ⊂ π(PG(U, U)) ⊂ π(PG(U, U)) ⊂ π(V ) ⊂W .
Therefore, by Remark 5.1, the action of G on X is principal. It is obvious that the
induced action of G on X is holomorphic, that X/G = X/G = Y , and that the
canonical projection from X to X/G equals p. The Corollary now follows from
Proposition 5.5. 
5.B. The complex premanifold of Schur representations
Let Q be a non-empty finite quiver. We will consider only complex representations
of Q in this subsection. Let d = (da)a∈Q0 be a non-zero element of N
Q0, and fix a
family V = (Va)a∈Q0 of C-vector spaces, such that dimC(Va) = da for all a ∈ Q0.
Denote by A the finite-dimensional C-vector space⊕α∈Q1 HomC(Vs(α), Vt(α)). For
every element ρ of A, we have a representation (V, ρ) of Q. Moreover, for every
representation (W,σ) of Q, such that dim(W,σ) = d, there exists an element ρ of A,
such that the representations (V, ρ) and (W,σ) are isomorphic.
We give the vector spaceA the usual topology, and the usual structure of a complex
manifold. For each a ∈ Q0, denote by Ea the trivial holomorphic vector bundle A×Va
on A. Then, for every α ∈ Q1, we have a morphism θα : Es(α) → Et(α) of holomorphic
vector bundles, which is defined by θα(ρ, v) = (ρ, ρα(v)) for all (ρ, v) in Es(α). We thus
get a family (E, θ) of representations of Q parametrised by A, where E = (Ea)a∈Q0
and θ = (θα)α∈Q1 . By definition, for each point ρ ∈ A, the fibre representation E(ρ)
is precisely (V, ρ).
LetG be the complex Lie group
∏
a∈Q0 AutC(Va). There is a canonical holomorphic
linear right action (ρ, g) 7→ ρg of G on A, which is defined by
(ρg)α = g
−1
t(α) ◦ ρα ◦ gs(α)
for all ρ ∈ A, g ∈ G, and α ∈ Q1. For all ρ, σ ∈ A and g ∈ G, we have σ = ρg
if and only if g is an isomorphism of representations of Q, from (V, σ) to (V, ρ). In
other words, two points ρ and σ of A lie on the same orbit of G if and only if the
representations (V, ρ) and (V, σ) of Q are isomorphic. Thus, the map which takes
every point ρ of A to the representation (V, ρ) induces a bijection from the quotient
set A/G onto the set of isomorphism classes of representations (W,σ) of Q, such that
dim(W,σ) = d.
Denote by H the central complex Lie subgroup of G consisting of all elements of
the form ce, as c runs over C×, where e = (1Va)a∈Q0 is the identity element of G. Let
G denote the complex Lie group H\G, π : G → G the canonical projection. Define
B to be the set of all points ρ of A, such that the representation (V, ρ) of Q is Schur.
It is a G-invariant subset of A. By Proposition 1.2(4), a point ρ of A lies in B if
and only if its stabiliser Gρ equals H . Corollary 4.5, applied to the family (E, θ) of
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representations of Q parametrised by A, implies that B is Zariski open in A, and is
hence an open complex submanifold of A. Let M denote the quotient topological
space B/G, and p : B → M the canonical projection. By the above observation,
there is a canonical bijection from M onto the set of isomorphism classes of Schur
representations (W,σ) of Q, such that dim(W,σ) = d. We will call M the moduli
space of Schur representations of Q with dimension vector d. Note that the action
of G on A induces a holomorphic right action of G on B.
The Lie algebra Lie(G) of G is the direct sum Lie algebra
⊕
a∈Q0 EndC(Va), where,
for each a ∈ Q0, the associative C-algebra EndC(Va) is given its usual Lie algebra
structure. Note that Lie(G) has a canonical structure of an associative unital C-
algebra, and that G is the group of units of the underlying ring of Lie(G), and is
open in Lie(G). The Lie algebra of H is the Lie subalgebra of Lie(G) consisting of
all elements of the form ce, as c runs over C. Let Tr : Lie(G) → C be the C-linear
function defined by Tr(ξ) =
∑
a∈Q0 Tr(ξa) for all elements ξ = (ξa)a∈Q0 of Lie(G), and
let Lie(G)0 denote its kernel. Then, as d 6= 0, Tr(e) = rk(d) =∑a∈Q0 da is a non-zero
natural number, and we have a decomposition Lie(G) = Lie(H) ⊕ Lie(G)0. As d is
a non-zero element of NQ0, we have e 6= 0, hence the map t 7→ te : C → Lie(H)
is a C-isomorphism. For any element ξ of Lie(G), we define (c(ξ), ξ0) to be the
unique element of C × Lie(G)0, such that ξ = c(ξ)e + ξ0. Then, c(ξ) = Tr(ξ)
rk(d)
, and
ξ0 = ξ − c(ξ)e for all ξ ∈ Lie(G).
For every element ρ of A, we denote the orbit map g 7→ ρg : G → A by µρ, and
by Dρ the C-linear map Te(µρ) : Lie(G)→ A. Thus,
Dρ(ξ) = (ρα ◦ ξs(α) − ξt(α) ◦ ρα)α∈Q1
for all ξ ∈ Lie(G). Therefore, Ker(Dρ) = End(V, ρ). In particular, Ker(Dρ) = Lie(H)
if ρ ∈ B.
It will be convenient to fix a family h = (ha)a∈Q0 of Hermitian inner products
ha : Va × Va → C. Thus, for every point ρ ∈ A, h is a Hermitian metric on the
representation (V, ρ) of Q.
For any two finite-dimensional Hermitian inner product spaces V and W , we have
a Hermitian inner product 〈·, ·〉 on the C-vector space HomC(V,W ), which is defined
by 〈u, v〉 = Tr(u ◦ v∗) for all u, v ∈ HomC(V,W ), where, v∗ : W → V is the adjoint
of v. If we denote the norm associated to this Hermitian inner product by ‖·‖, then
‖u(x)‖ ≤ ‖u‖‖x‖ for all u ∈ HomC(V,W ) and x ∈ V . Also, ‖u∗‖ = ‖u‖, ‖1V ‖ =√
dimC(V ), and, for all finite-dimensional Hermitian inner product spaces V ,W , and
X , and for all u ∈ HomC(V,W ) and v ∈ HomC(W,X), we have ‖v ◦ u‖ ≤ ‖v‖‖u‖.
Remark 5.7. Using the above facts, it is easy to verify that for every u ∈ HomC(V,W ),
there exists a real number θ > 0, such that θ‖x‖ ≤ ‖u(x)‖ for all x ∈ Ker(u)⊥, where
X⊥ denotes the orthogonal complement of any subset X of a finite-dimensional Her-
mitian inner product space.
In particular, the family h induces a Hermitian inner product 〈·, ·〉 on the C-vector
space HomC(Va, Vb) for all a, b ∈ Q0. We give Lie(G) the Hermitian inner product
〈·, ·〉 which is the direct sum of the Hermitian inner products 〈·, ·〉 on EndC(Va) as a
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runs over Q0. Note that ‖e‖ =
√
rk(d) with respect to this Hermitian inner prod-
uct, and that Lie(H)⊥ = Lie(G)0. Let u : Lie(G) → Lie(H) be the corresponding
orthogonal projection.
Similarly, we give A the Hermitian inner product 〈·, ·〉 which is the direct sum of
the Hermitian inner products 〈·, ·〉 on HomC(Vs(α), Vt(α)) as α runs over Q1. For every
ρ ∈ A, we have the adjoint D∗ρ : A → Lie(G) of the C-linear map Dρ : Lie(G)→ A
that was defined above.
Theorem 5.8. The action of G on B is principal. In particular, there exists a
unique structure of a complex premanifold on the moduli space M of complex Schur
reprsentations of Q with dimension vector d, such that p : B → M is a holomorphic
submersion. Moreover, this structure makes the map p a holomorphic principal G-
bundle.
Proof. Let ρ be an arbitrary point of B. Then, as observed above, B is a G-invariant
open complex submanifold of A, so there is an induced holomorphic right action of
G on B. Also, Gρ = H for all ρ ∈ B. Therefore, by Corollary 5.6, it suffices to
prove that for every H-invariant neighbourhood V of e in G, there exists an open
neighbourhood U of ρ in B, such that PG(U, U) ⊂ V .
Let Dρ : Lie(G)→ A be the C-linear map defined earlier. Then, as noted above,
Ker(Dρ) = Lie(H). Therefore, Ker(Dρ)
⊥ = Lie(H)⊥ = Lie(G)0, hence, by Re-
mark 5.7, there exists a real number θ > 0, such that θ‖f‖ ≤ ‖Dρ(f)‖ for all
f ∈ Lie(G)0. Let q1 = card(Q1). Then, the continuity of the norm function on A
implies that the set X of all (σ, τ) ∈ A×A, such that q1(‖σ − ρ‖+ ‖τ − ρ‖) < θ, is
an open neighbourhood of (ρ, ρ) in A×A.
Consider a point (σ, τ) ∈ X , let g ∈ G, and suppose τ = σg. Then, by the above
paragraph,
θ‖g0‖ ≤ ‖Dρ(g0)‖.
Let σ′ = σ − ρ and τ ′ = τ − ρ. The relation τ = σg implies that
Dρ(g) =
(
gt(α) ◦ τ ′α − σ′α ◦ gs(α)
)
α∈Q1 .
Therefore, as c(g)e ∈ Ker(Dρ), we have
‖Dρ(g0)‖ = ‖Dρ(g)‖ ≤
∑
α∈Q1
‖gt(α) ◦ τ ′α − σ′α ◦ gs(α)‖
≤ q1
(|c(g)|
√
rk(d) + ‖g0‖)(‖τ ′‖+ ‖σ′‖).
Thus,
θ‖g0‖ ≤ q1
(|c(g)|
√
rk(d) + ‖g0‖)(‖σ′‖+ ‖τ ′‖).
As (σ, τ) ∈ X , we have q1(‖σ′‖+ ‖τ ′‖) < θ, hence this implies that
‖g0‖ ≤ q1|c(g)|
√
rk(d)(‖σ′‖+ ‖τ ′‖)
θ − q1(‖σ′‖+ ‖τ ′‖) .
In particular, c(g) 6= 0; for, if c(g) = 0, then, by the above inequality, we get g0 = 0,
hence g = c(g)e + g0 = 0; therefore, as ga ∈ AutC(Va), we have Va = 0 for every
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a ∈ Q0, a contradiction, since d is a non-zero element of NQ0. It follows that∥∥∥∥
1
c(g)
g − e
∥∥∥∥ =
∥∥∥∥
1
c(g)
g0
∥∥∥∥ =
1
|c(g)|‖g
0‖ ≤ q1
√
rk(d)(‖σ′‖+ ‖τ ′‖)
θ − q1(‖σ′‖+ ‖τ ′‖) .
We have thus shown that for all (σ, τ) ∈ X and g ∈ G, such that τ = σg, we have
c(g) 6= 0, and ∥∥∥∥
1
c(g)
g − e
∥∥∥∥ ≤ δ(σ, τ),
where δ : X → [0,+∞) is the function defined by
δ(σ, τ) =
q1
√
rk(d)(‖σ − ρ‖+ ‖τ − ρ‖)
θ − q1(‖σ − ρ‖+ ‖τ − ρ‖) .
Now, let V be an H-invariant open neighbourhood of e in G. Then, as G is open in
Lie(G), there exists ǫ > 0, such that the open ball B(e, ǫ) in Lie(G), with radius ǫ and
centre e, is contained in V . As X is an open neighbourhood of (ρ, ρ) in A×A, and
the function δ is continuous, there exists an open neighbourhood U of ρ in B, such
that U×U ⊂ X , and δ(σ, τ) < ǫ for all (σ, τ) ∈ U×U . We claim that PG(U, U) ⊂ V .
Let g ∈ PG(U, U). Then, there exists a point (σ, τ) of U × U , such that τ = σg. As
(σ, τ) ∈ X , by the above paragraph, c(g) 6= 0, and ‖ 1
c(g)
g − e‖ ≤ δ(σ, τ) < ǫ, hence
1
c(g)
g ∈ B(e, ǫ) ⊂ V . As V is H-invariant, g = (c(g)e)( 1
c(g)
g
) ∈ HV ⊂ V . Thus,
PG(U, U) ⊂ V . 
6. The Ka¨hler metric on moduli of stable representations
6.A. Moment maps
Let (X,Ω) be a smooth symplectic manifold. Recall that a smooth vector field ξ
on X is called symplectic if Lξ(Ω) = 0, where Lξ is the Lie derivative with respect
to ξ. The set V(X,Ω) of symplectic vector fields on X is a Lie subalgebra of the
real Lie algebra V(X) of smooth vector fields on X . For any smooth real function
f on X , we denote by H(f) the Hamiltonian vector field of f , that is, the unique
smooth vector field on X , such that Ω(x)(H(f)(x), w) = w(f) for all x ∈ X and
w ∈ Tx(X), where Tx(X) denotes the tangent space of X at x; it is a symplectic
vector field. We define the Poisson bracket of any two smooth real functions f and g
on X , by {f, g} = Ω(H(g), H(f)). This makes the R-vector space S(X) of smooth
real functions on X a Lie algebra, and the map f 7→ H(f) is a homomorphism of
real Lie algebras H : S(X)→ V(X,Ω).
Let K be a real Lie group. Suppose we are given a smooth right action of K on
X , which is symplectic, by which we mean that it preserves the symplectic form Ω
on X . Thus, Ω is K-invariant, that is, ρ∗g(Ω) = Ω for all g ∈ K, where ρg denotes the
translation by g on every right K-space. Then, for every element ξ of the Lie algebra
Lie(K) of K, the induced vector field ξ♯ on X is symplectic. The map ξ 7→ ξ♯ is a
homomorphism of real Lie algebras from Lie(K) to V(X,Ω), which is K-equivariant
for the adjoint action of K on Lie(K), and the canonical action of K on V(X,Ω).
A moment map for the action ofK on X is a smooth map Φ : X → Lie(K)∗, which
is K-invariant for the coadjoint action of K on Lie(K)∗, and has the property that
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H(Φξ) = ξ♯ for all ξ ∈ Lie(K), where Φξ is the smooth real function x 7→ Φ(x)(ξ)
on X . If Φ is a moment map, then, for every x ∈ X , the R-linear map Tx(Φ) :
Tx(X) → Lie(K)∗ is given by Tx(Φ)(v)(ξ) = Ω(x)(ξ♯(x), v) for all v ∈ Tx(X) and
ξ ∈ Lie(K). Thus, Ker(Tx(Φ)) = Im(Te(νx))⊥(Ω), where νx : K → X is the orbit
map of x, Te(νx) : Lie(K)→ Tx(X) is the induced R-linear map, and S⊥(Ω) denotes
the set of elements of Tx(X) that are Ω(x)-orthogonal to any subset S of Tx(X).
This implies that Ker(Tx(Φ))
⊥(Ω) = Im(Te(νx)). Also, Im(Tx(Φ)) = Ann(Lie(Kx)),
where Kx is the stabiliser of x in K, and Ann(M) denotes the annihilator in Lie(K)
∗
of any subset M of Lie(K). In particular, Φ is a submersion at x if and only if the
subgroup Kx of K is discrete.
For later use, we state here a simple fact about moment maps for linear actions.
Let V be a finite-dimensional R-vector space, and Ω a symplectic form on V . Since
the tangent space of V at any point is canonically isomorphic to V itself, Ω defines
a smooth 2-form on V . By abuse of notation, we will denote this smooth 2-form
also by Ω. In any linear coordinate system on V , we can express Ω as a form with
constant coefficients, so dΩ = 0. Therefore, (V,Ω) is a symplectic manifold.
Let K be a real Lie group, and suppose that we are given a smooth linear right
action of K on V , which preserves the symplectic form Ω on V . For any element ξ of
Lie(K), let ξ♯ be the vector field on V defined by ξ; then ξ♯ is an R-endomorphism of
V , and Ω(ξ♯(x), y) + Ω(x, ξ♯(y)) = 0 for all x, y ∈ V . For each element α of Lie(K)∗,
define a map Φα : V → Lie(K)∗ by
Φα(x)(ξ) =
1
2
Ω(ξ♯(x), x) + α(ξ)
for all x ∈ V and ξ ∈ Lie(K).
Lemma 6.1. The map α 7→ Φα is a bijection from the set of K-invariant elements
of Lie(K)∗ onto the set of moment maps for the action of K on V .
Proof. It is easy to see that Φ0 is a moment map for the action of K on V . Let
α ∈ Lie(K)∗. Then, Φα = Φ0+α. Therefore, H(Φξα) = H(Φ0) = ξ♯ for all ξ ∈ Lie(K);
moreover, since Φ0 is K-equivariant, Φα is K-equivariant if and only if α is K-
invariant, that is, α(Ad(g)ξ) = α(ξ) for all g ∈ K and ξ ∈ Lie(K). Thus, Φα is a
moment map for the action of K if and only if α is K-invariant.
Now, the map α 7→ Φα is clearly injective. Suppose Ψ : V → Lie(K)∗ is a moment
map for the action of K on V . Then, for all ξ ∈ Lie(K), we have H(Ψξ) = H(Φξ0) =
ξ♯, hence Tx(Ψ
ξ) = Tx(Φ
ξ
0) for all x ∈ X ; as V is connected, this implies that
Ψξ−Φξ0 = α(ξ) for some α(ξ) ∈ R. The function α : ξ 7→ α(ξ) is obviously R-linear,
that is, an element of Lie(K)∗. As we have seen above, it is necessarily K-invariant.
Thus, the given map is surjective too. 
6.B. Ka¨hler quotients
For any complex premanifold X and x ∈ X , we will identify the tangent space at x of
the underlying smooth manifold of X , with the holomorphic tangent space Tx(X) of
X at x, using the canonical R-isomorphism between them. With this identification,
for any holomorphic map f : X → Y of complex premanifolds, and x ∈ X , the
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real differential of f at x is equal to the C-linear map Tx(f) : Tx(X) → Tf(x)(Y ),
considered as an R-linear map.
Let X be a complex manifold, g a Ka¨hler metric on X , and Ω its Ka¨hler form,
that is, the closed real 2-form on X defined by Ω(x)(v, w) = −2ℑ(g(x)(v, w)) for
all x ∈ X , and v, w ∈ Tx(X), where ℑ(t) denotes the imaginary part of a complex
number t. Since Ω is positive, (X,Ω) is a smooth symplectic manifold. The following
Lemma follows directly from the definition.
Lemma 6.2. Let B be the smooth Riemannian metric on X defined by B(x)(v, w) =
2ℜ(g(x)(v, w)), where ℜ(t) denotes the real part of a complex number t. Then, for
every point x ∈ X, and R-subspace W of Tx(X), we have W⊥(Ω) = (
√−1W )⊥(B),
where S⊥(Ω) (respectively, S⊥(B)) is the set of all elements of Tx(X) that are Ω(x)-
orthogonal (respectively, B(x)-orthogonal) to any subset S of Tx(X). In particular,
we have an R-vector space decomposition Tx(X) = W
⊥(Ω) ⊕ (√−1W ).
Let G be a complex Lie group, and K a compact subgroup of G; in particular, K
is a real Lie subgroup of G. Suppose that we are given a holomorphic right action
of G on X , such that the induced action of K on X preserves the Ka¨hler metric g
on X . Then, the Ka¨hler form Ω on X is K-invariant, that is, the action of K on
X is symplectic. Let Φ : X → Lie(K)∗ be a moment map for the action of K on
X , Xm the closed subset Φ
−1(0) of X , and Xms = XmG. Then, Xms is G-invariant,
and, since Φ is K-equivariant, Xm is a K-invariant subset of Xms. Denote by Y the
quotient topological space X/G, and let p : X → Y be the canonical projection. Let
Yms = p(Xms), pms : Xms → Yms the map induced by p, and pm = pms|Xm : Xm → Yms.
Proposition 6.3. Suppose that the action of G on X is principal, and that
PG(Xm, Xm) ⊂ K.
Then:
(1) The set Xm is a closed smooth submanifold of X, Xms is open in X, Yms is
open in Y , the action of K on Xm is principal, and pm : Xm → Yms is a
smooth principal K-bundle.
(2) The action of G on Xms is proper, Yms is a Hausdorff open subspace of Y ,
the action of G on Xms is principal, and pms : Xms → Yms is a holomorphic
principal G-bundle.
(3) There exists a unique Ka¨hler metric hms on Yms, such that p
∗
m(Θms) = Ωm,
where Θms is the Ka¨hler form of hms, Ωm = i
∗
m(Ω), and im : Xm → X is the
inclusion map.
Proof. (1) We will use the remarks and the notation in Section 6.A. Since the action
of G on X is free, we have Kx = {e} for all x ∈ X , hence the moment map Φ : X →
Lie(K)∗ is a submersion. Therefore, Xm = Φ−1(0) is a closed submanifold of X , and,
for all x ∈ Xm, we have Tx(Xm) = Ker(Tx(Φ)) = Im(Te(νx))⊥(Ω).
We will next check that Xms is open in X . Let µm : Xm×G→ X be the restriction
of the action map µ : X×G→ X . We claim that the smooth map µm is a submersion.
For all g ∈ G, we have µm ◦ (1Xm × ρg) = ρg ◦ µm, where ρg denotes the translation
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by g on any right G-space. Therefore, it suffices to check that the R-linear map
T(x,e)(µm) : Tx(Xm)⊕ Lie(G)→ Tx(X)
is surjective for every x ∈ Xm. For all w ∈ Tx(Xm) and ξ ∈ Lie(G), we have
T(x,e)(µm)(w, ξ) = T(x,e)(µ)(w, ξ) = w + ξ
♯(x) = w + Te(µx)(ξ),
where µx : G → X is the orbit map of X . Now, putting W = Im(Te(νx)) in
Lemma 6.2, we get
Tx(X) = Im(Te(νx))
⊥(Ω) ⊕ (√−1Im(Te(νx))) = Tx(Xm)⊕ (
√−1Im(Te(νx))).
Therefore, for each u ∈ Tx(X), there exist w ∈ Tx(Xm) and η ∈ Lie(K), such that
u = w +
√−1Te(νx)(η). But, since νx : K → X is the restriction of µx : G → X ,
we have Te(νx)(η) = Te(µx)(η). Also, since µx is holomorphic, the map Te(µx) :
Lie(G)→ Tx(X) is C-linear. Therefore,
u = w +
√−1Te(µx)(η) = w + Te(µx)(
√−1η) = T(x,e)(µm)(w,
√−1η).
This proves that T(x,e)(µm) is surjective for all x ∈ Xm, hence µm is a submersion.
Therefore, it is an open map. In particular, Xms = XmG = µm(Xm × G) is open in
X .
The map p : X → Y is the quotient map for a continuous action of a topological
group, and is hence an open map. Therefore, as Xms is open in X , Yms = p(Xms) is
open in Y . Moreover, as Xms is G-invariant, we have Xms = p
−1(p(Xms)) = p−1(Yms).
Now, by Proposition 5.5, there exists a unique structure of a complex premanifold
on Y , such that p is a holomorphic submersion; moreover, this structure makes p
a holomorphic principal G-bundle. Therefore, pms is also a holomorphic principal
G-bundle.
The map pm : Xm → Yms is obviously smooth. It is surjective, because Yms =
p(Xms) = p(XmG) = p(Xm) = pm(Xm). We will now check that it is a submer-
sion. Let x ∈ Xm, and w ∈ Tp(x)(Y ). Then, since p : X → Y is a holomor-
phic submersion, there exists v ∈ Tx(X), such that Tx(p)(v) = w. As Tx(X) =
Tx(Xm) ⊕ (
√−1Im(Te(νx))), there exist vm ∈ Tx(Xm) and ξ ∈ Lie(K), such that
v = vm +
√−1Te(νx)(ξ). Now, Te(νx)(ξ) = Te(µx)(ξ) belongs to the C-subspace
Im(Te(µx)) = Tx(xG) = Ker(Tx(p)) of Tx(X), hence Tx(p)(
√−1Te(νx)(ξ)) = 0.
Therefore, w = Tx(p)(vm) = Tx(pm)(vm). This proves that pm is a submersion. The
condition PG(Xm, Xm) ⊂ K, and the K-invariance of pm, imply that p−1m (pm(x)) =
xK for all x ∈ Xm. Lastly, if R is the graph of the action of G on X , Rm that of
the action of K on Xm, and φ : R → G and φm : Rm → K the translation maps,
then Rm ⊂ R, and φm is induced by φ. As the action of G on X is principal, φ
is continuous, hence so is φm, so the action of K on Xm is also principal. Now, by
Remark 5.4, pm is a smooth principal K-bundle.
(2) As pm : Xm → Yms is a smooth principal G-bundle, it is an open map. There-
fore, pm × pm : Xm × Xm → Yms × Yms is also an open map. Since it is also a
continuous surjection, it is a quotient map. Now, Rm = (pm × pm)−1(∆ms), where
Rm is the graph of the action of K on Xm, and ∆ms is the diagonal of Yms. Since
K is compact and Xm is Hausdorff, the action of K on Xm is proper, hence Rm is
closed in Xm ×Xm. Therefore, ∆ms is closed in Yms × Yms, so Yms is Hausdorff. The
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graph Rms of the action of G on Xms equals (pms× pms)−1(∆ms), and is hence closed
in Xms ×Xms. Moreover, Rms is contained in the graph R of the action of G on X ,
and the translation map φms : Rms → G is the restriction of the translation map
φ : R→ G. As the action of G on X is principal, this implies that the action of G on
Xms is also principal. Let σms : Xms ×G→ Xms ×Xms be the map (x, g) 7→ (x, xg),
and let τms : Xms × G → Rms be the map induced by σms. Then, by Remark (5.1),
τms is a homeomorphism. Since Rms is closed in Xms ×Xms, it follows that the map
σms is proper. In other words, the action of G on Xms is proper. It has been proved
above that Yms is open in Y , and pms is a holomorphic principal G-bundle.
(3) By hypothesis, the Ka¨hler metric g on X is K-invariant, hence its Ka¨hler
form Ω is K-invariant. Therefore, its restriction Ωm to the K-invariant smooth
submanifold Xm of X is also K-invariant. Let x ∈ Xm, v ∈ Tx(Xm), and ξ ∈
Lie(K). Then, since Tx(Xm) = Im(Te(νx))
⊥(Ω), we have Ωm(x)(v,Te(νx)(ξ)) =
Ω(x)(v,Te(νx)(ξ)) = 0. Therefore, Ω(x)(v, w) = 0 if either v or w is a vertical
tangent vector at x for the principal K-bundle pm : Xm → Yms. It follows that there
exists a unique smooth 2-form Θms on Yms, such that p
∗
m(Θms) = Ωm. As Ω is closed,
so is Ωm, and hence so is Θms.
We claim that Θms is positive. Let y ∈ Yms, and w,w′ ∈ Ty(Y ). Let x ∈ p−1m (y).
Then, there exists v, v′ ∈ Tx(Xm), such that w = Tx(pm)(v) and w′ = Tx(pm)(v′).
Since Tx(X) = Tx(Xm) ⊕ (
√−1Im(Te(νx))), there exist a, a′ ∈ Tx(Xm) and ξ, ξ′ ∈
Lie(K), such that
√−1v = a+√−1Te(νx)(ξ) and
√−1v′ = a′+√−1Te(νx)(ξ′). As
Tx(p) is C-linear,
√−1w = √−1Tx(pm)(v) =
√−1Tx(p)(v) = Tx(p)(
√−1v)
= Tx(p)(a +
√−1Te(νx)(ξ)) = Tx(p)(a) +
√−1Tx(p)(Te(νx)(ξ))
= Tx(pm)(a) +
√−1Tx(p)(Te(µx)(ξ)) = Tx(pm)(a).
Similarly,
√−1w′ = Tx(pm)(a′). Therefore, as Ω(x) vanishes on vertical tangent
vectors for pm,
Θms(y)(
√−1w,√−1w′) = Θms(y)(Tx(pm)(a),Tx(pm)(a′)) = Ωm(x)(a, a′) = Ω(x)(a, a′)
= Ω(x)(
√−1(v − Te(νx)(ξ)),
√−1(v′ − Te(νx)(ξ′)))
= Ω(x)(v − Te(νx)(ξ), v′ − Te(νx)(ξ′))
= Ωm(x)(v − Te(νx)(ξ), v′ − Te(νx)(ξ′))
= Ωm(x)(v, v
′) = Θms(y)(w,w
′).
Similarly, it can be checked that
Θms(y)(w,
√−1w) = Ω(x)(v − Te(νx)(ξ),
√−1(v − Te(νx)(ξ))).
Now, if w = Tx(pm)(v) is non-zero, then v 6= Te(νx)(ξ), hence, as Ω(x) is positive,
Ω(x)(v − Te(νx)(ξ),
√−1(v − Te(νx)(ξ))) > 0. Therefore, Θms(y)(w,
√−1w) > 0. It
follows that Θms is positive. Thus, the rule
hms(y)(w,w
′) =
1
2
(
Θms(y)(w,
√−1w′)−√−1Θms(y)(w,w′)
)
,
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for all y ∈ Yms and w,w′ ∈ Ty(Y ), defines a Ka¨hler metric on Yms, whose Ka¨hler
form equals Θms. If h is another Ka¨hler metric on Yms, whose Ka¨hler form Θ satisfies
the condition p∗m(Θ) = Ωm, then, since Θms is the unique smooth 2-form on Yms such
that p∗m(Θms) = Ωm, we get Θ = Θms. Therefore,
h(y)(w,w′) =
1
2
(
Θ(y)(w,
√−1w′)−√−1Θ(y)(w,w′)) = hms(y)(w,w′)
for all y ∈ Yms and w,w′ ∈ Ty(Y ). This establishes the uniqueness of hms. 
In addition to the notations used above, let H be a normal complex Lie subgroup
of G, G the complex Lie group H\G, and π : G → G the canonical projection. Let
K be the compact subgroup π(K) of G, and πK : K → K the homomorphism of
real Lie groups induced by π. The subset H ∩K of G is a real Lie subgroup of G,
and Lie(H ∩K) equals the real Lie subalgebra Lie(H)∩Lie(K) of Lie(G). The map
Te(π) : Lie(G)→ Lie(G) is a surjective homomorphism of complex Lie algebras with
kernel Lie(H), and Te(πK) : Lie(K)→ Lie(K) is a surjective homomorphism of real
Lie algebras with kernel Lie(H ∩K).
Corollary 6.4. Suppose that Gx = H for all x ∈ X, that the induced action of G
on X is principal, and that
Φ(X) ⊂ Ann(Lie(H ∩K)), PG(Xm, Xm) ⊂ HK.
Then:
(1) The set Xm is a closed smooth submanifold of X, Xms is open in X, Yms is
open in Y , the action of K on Xm is principal, and pm : Xm → Yms is a
smooth principal K-bundle.
(2) The action of G on Xms is proper, Yms is a Hausdorff open subspace of Y ,
the action of G on Xms is principal, and pms : Xms → Yms is a holomorphic
principal G-bundle.
(3) There exists a unique Ka¨hler metric hms on Yms, such that p
∗
m(Θms) = Ωm,
where Θms is the Ka¨hler form of hms, Ωm = i
∗
m(Ω), and im : Xm → X is the
inclusion map.
Proof. The action of K on X induced by that of G on X preserves the Ka¨hler
metric g on X . Since Φ(X) ⊂ Ann(Lie(H ∩ K)) and Ker(Te(πK)) = Lie(H ∩ K),
there exists a unique map Φ : X → Lie(K)∗, such that Φ(x) = Φ(x) ◦ Te(πK) for
all x ∈ X . It is easy to see that Φ is a moment map for the action of K on X .
Moreover, Φ
−1
(0) = Φ−1(0) = Xm, Φ
−1
(0)G = XmG = Xms, and PG(Xm, Xm) ⊂
π(PG(Xm, Xm)) ⊂ π(HK) ⊂ π(K) = K. It is obvious that X/G = X/G = Y , and
the canonical projection from X to X/G equals p. Therefore, the Corollary follows
from Proposition 6.3. 
6.C. The Ka¨hler metric on the moduli of stable representations
We will follow the notation of Section 5.B. Thus, Q is a non-empty finite quiver,
d = (da)a∈Q0 a non-zero element of N
Q0, and V = (Va)a∈Q0 a family of C-vector
spaces, such that dimC(Va) = da for all a ∈ Q0. Fix a family h = (ha)a∈Q0 of
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Hermitian inner products ha : Va × Va → C. In additon, we also fix now a rational
weight θ ∈ QQ0 of Q.
Denote by A the finite-dimensional C-vector space⊕α∈Q1 HomC(Vs(α), Vt(α)). For
any subset X of A, let Xschur (respectively, Xs) denote the set of all points ρ in X ,
such that the representation (V, ρ) of Q is Schur (respectively, θ-stable). Also, denote
by Xeh (respectively, Xirr) the set of all ρ ∈ X , such that the Hermitian metric h on
(V, ρ) is Einstein-Hermitian with respect to θ (respectively, irreducible).
Recall that G is the complex Lie group
∏
a∈Q0 AutC(Va), with its canonical holo-
morphic linear right action on A. Denote by H the central complex Lie subgroup
C×e of G, G the complex Lie group H\G, and π : G→ G the canonical projection.
Let K denote the compact subgroup
∏
a∈Q0 Aut(Va, ha), where, for each a ∈ Q0,
Aut(Va, ha) is the subgroup of AutC(Va) consisting of C-automorphisms of Va which
preserve the Hermitian inner product ha on Va. Let K be the compact subgroup
π(K) of G, and πK : K → K the homomorphism of real Lie groups induced by π.
Let B = Aschur. Then, by Proposition 1.2(3), Bs = As. On the other hand, by
Proposition 3.6, Beh = Aeh ∩Airr = Aeh ∩As = Aeh ∩Bs. As noted in Section 5.B, B
is a G-invariant open complex submanifold of A, and, by Proposition 1.2(4), Gρ = H
for all ρ ∈ B. Let M denote the moduli space B/G of Schur representations of Q
with dimension vector d, and p : B → M the canonical projection. It was proved
in Theorem 5.8 that the action of G on B is principal, that there exists a unique
structure of a complex premanifold on M such that p is a holomorphic submersion,
and that this structure in fact makes p a holomorphic principal G-bundle. Let
Ms = p(Bs), ps : Bs →Ms the map induced by p, and peh = ps|Beh : Beh →Ms. Recall
that for any two subsets A and B of A, PG(A,B) denotes the set of all g ∈ G, such
that Ag ∩B 6= ∅.
Lemma 6.5. We have BehG = Bs and PG(Beh,Beh) ⊂ HK.
Proof. It is obvious that the subset Bs of B is G-invariant. By the above paragraph,
Beh ⊂ Bs. Therefore, BehG ⊂ Bs. Conversely, if σ ∈ Bs, then, by Proposition 3.3,
(V, σ) has an Einstein-Hermitian metric k with respect to θ. For each a ∈ Q0, ha and
ka are two Hermitian inner products on Va, hence there exists a C-automorphism
ga of Va, such that ha(ga(x), ga(y)) = ka(x, y) for all x, y ∈ Va. We thus get an
element g = (ga)a∈Q0 of G. Let ρ = σg
−1. Then, for all α ∈ Q1, we have ρ∗(h)α =
gs(α) ◦σ∗(k)α ◦ g−1t(α), where ρ∗(h)α is the adjoint of ρα with respect to hs(α) and ht(α), and
ρ
∗(k)
α the adjoint of ρα with respect to ks(α) and kt(α). Therefore, for every a ∈ Q0,
we get
Kθ(V, ρ, h)a = ga ◦Kθ(V, σ, k) ◦ g−1a = µθ(d)1Va.
Thus, the Hermitian metric h on (V, ρ) is Einstein-Hermitian, so ρ ∈ Beh, and σ = ρg
belongs to BehG. This proves that BehG = Bs.
Next, let g ∈ PG(Beh,Beh). Then, there exist ρ, σ ∈ Beh, such that σ = ρg. Then,
g is an isomorphism from (V, σ) to (V, ρ). For every a ∈ Q0, define a Hermitian inner
product ka on Va by ka(x, y) = ha(ga(x), ga(y)) for all x, y ∈ Va. Then, as observed
above, since σ ∈ Beh, we have
Kθ(V, ρ, k)a = g
−1
a ◦Kθ(V, σ, h) ◦ ga = µθ(d)1Va
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for all a ∈ Q0, hence the Hermitian metric k = (ka)a∈Q0 on (V, ρ) is Einstein-
Hermitian with respect to θ. As ρ ∈ Beh, the Hermitian metric h on (V, ρ) is also
Einstein-Hermitian with respect to θ. Therefore, by Proposition 3.3, there exists an
automorphism f of (V, ρ), such that ka(x, y) = ha(fa(x), fa(y)) for all a ∈ Q0, and
x, y ∈ Va. Now, since ρ ∈ B, f = ce for some c ∈ C. As the dimension vector d is
non-zero, we have c 6= 0, and
ha
(1
c
ga(x),
1
c
ga(y)
)
= ka
(1
c
x,
1
c
y
)
= ha
(1
c
fa(x),
1
c
fa(y)
)
= ha(x, y)
for all a ∈ Q0, and x, y ∈ Va. Therefore, 1cga ∈ Aut(Va, ha) for all a ∈ Q0, so 1cg ∈ K.
Thus, g = (ce)
(
1
c
g
)
belongs to HK. It follows that PG(Beh,Beh) ⊂ HK. 
The family h induces a Hermitian inner product 〈·, ·〉 on the C-vector space A,
and the complex Lie algebra Lie(G). For every point ρ of A, the C-vector space
Tρ(A) is canonically isomorphic to A. Therefore, the Hermitian inner product 〈·, ·〉
on A defines a Hermitian metric g on the complex manifold A, namely g(ρ)(σ, τ) =
〈σ, τ〉 for all ρ, σ, τ ∈ A. The fundamental 2-form Ω of g is given by Ω(ρ)(σ, τ) =
−2ℑ(〈σ, τ〉) for all ρ, σ, τ ∈ A. Since Ω(ρ) is independent of ρ, we have dΩ = 0,
hence the Hermitian metric g on A is Ka¨hler. The action of K on A induced by
that of G preserves the Hermitian inner product 〈·, ·〉, and hence the Ka¨hler metric
g on A. Similarly, the action of K on Lie(G) induced by that of G preserves the
Hermitian inner product on Lie(G).
For each a ∈ Q0, let End(Va, ha) denote the real Lie subalgebra of EndC(Va)
consisting of C-endomorphisms u of Va that are skew-Hermitian with respect to ha,
that is,
ha(u(x), y) + ha(x, u(y)) = 0
for all x, y ∈ Va. Then, Lie(K) equals the real Lie subalgebra
⊕
a∈Q0 End(Va, ha) of
Lie(G). The Hermitian inner product 〈·, ·〉 on Lie(G) restricts to a real inner product
on Lie(K), which is given by 〈ξ, η〉 = −∑a∈Q0 Tr(ξa ◦ ηa) for all ξ, η ∈ Lie(K).
For any point ρ in A, let νρ : K → A be the orbit map of ρ, and denote by Dρ the
R-linear map Te(νρ) : Lie(K)→ A. Then, as in Section 5.B, we have
Dρ(ξ) = (ρα ◦ ξs(α) − ξt(α) ◦ ρα)α∈Q1 .
For every element ξ of Lie(K), the vector field ξ♯ on A induced by ξ is the C-
endomorphism of A given by ξ♯(ρ) = Te(νρ)(ξ) = Dρ(ξ) for all ρ ∈ A.
Recall the notation
degθ(d) =
∑
a∈Q0
θada, rk(d) =
∑
a∈Q0
da, µθ(d) =
degθ(d)
rk(d)
,
where θ ∈ RQ0 is the rational weight of Q that we have fixed. If a, b ∈ Q0, and
f ∈ HomC(Va, Vb), let f ∗ ∈ HomC(Vb, Va) be the adjoint of f with respect to the
Hermitian inner products ha and hb on Va and Vb, respectively. For every point ρ of
A, and a ∈ Q0, define an element Lθ(ρ)a of End(Va, ha) by
Lθ(ρ)a =
√−1
(
(θa − µθ(d))1Va +
∑
α∈t−1(a)
ρα ◦ ρ∗α −
∑
α∈s−1(a)
ρ∗α ◦ ρα
)
,
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and let Lθ(ρ) be the element (Lθ(ρ)a)a∈Q0 of Lie(K). Define a map Φθ : A → Lie(K)∗
by
Φθ(ρ)(ξ) = 〈ξ, Lθ(ρ)〉
for all ρ ∈ A and ξ ∈ Lie(K), where 〈·, ·〉 is the real inner product on Lie(K).
Lemma 6.6. Let η denote the element
(√−1(θa − µθ(d))1Va
)
a∈Q0 of Lie(K), and α
the element of Lie(K)∗, which is defined by α(ξ) = 〈ξ, η〉 for all ξ ∈ Lie(K). Then,
Φθ(ρ)(ξ) =
1
2
Ω(ξ♯(ρ), ρ) + α(ξ)
for all ρ ∈ A and ξ ∈ Lie(K). In particular, Φθ is a moment map for the action of
K on A.
Proof. Let ρ ∈ A and ξ ∈ Lie(K). For every a ∈ Q0, define an element A(ρ)a of
End(Va, ha), by
A(ρ)a =
√−1
( ∑
α∈t−1(a)
ρα ◦ ρ∗α −
∑
α∈s−1(a)
ρ∗α ◦ ρα
)
,
and let A(ρ) denote the element (A(ρ)a)a∈Q0 of Lie(K). Then,
Lθ(ρ) = A(ρ) + η, Φθ(ρ)(ξ) = 〈ξ, A(ρ)〉+ α(ξ).
We claim that
〈ξ, A(ρ)〉 = 1
2
Ω(ξ♯(ρ), ρ).
By the definition of Ω,
1
2
Ω(ξ♯(ρ), ρ) = −ℑ(〈ξ♯(ρ), ρ〉) =
√−1
2
(〈ξ♯(ρ), ρ〉 − 〈ρ, ξ♯(ρ)〉).
Since K preserves the Hermitian inner product on A, the C-endomorphism ξ♯ of A
is skew-Hermitian, that is,
〈ξ♯(ρ), ρ〉 + 〈ρ, ξ♯(ρ)〉 = 0.
Therefore,
1
2
Ω(ξ♯(ρ), ρ) =
√−1〈ξ♯(ρ), ρ〉 = √−1〈Dρ(ξ), ρ〉.
It is easy to see that
〈Dρ(ξ), ρ〉 =
√−1
∑
a∈Q0
Tr(ξa ◦A(ρ)a).
Thus,
1
2
Ω(ξ♯(ρ), ρ) = −
∑
a∈Q0
Tr(ξa ◦ A(ρ)a) = 〈ξ, A(ρ)〉,
which proves the above claim, and gives the relation
Φθ(ρ)(ξ) =
1
2
Ω(ξ♯(ρ), ρ) + α(ξ)
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for all ρ ∈ A and ξ ∈ Lie(K). Now, the inner product on Lie(K) is K-invariant, and
for all g ∈ K and ξ ∈ Lie(K), we have Ad(g)−1η = (g−1a ◦ ηa ◦ ga)a∈Q0 = η, hence
α(Ad(g)ξ) = 〈Ad(g)ξ, η〉 = 〈ξ,Ad(g)−1η〉 = 〈ξ, η〉 = α(ξ).
Therefore, the element α of Lie(K)∗ is K-invariant. It follows from Lemma 6.1 that
Φθ is a moment map for the action of K on A. 
Lemma 6.7. We have Φθ(A) ⊂ Ann(Lie(H ∩K)), and Φ−1θ (0) = Aeh.
Proof. Let ρ ∈ A, and ξ ∈ Lie(H ∩ K) = Lie(H) ∩ Lie(K). Then, there exists a
real number c, such that ξ =
√−1ce, where e = (1Va)a∈Q0 is the identity element of
G ⊂ Lie(G). Therefore,
Φθ(ρ)(ξ) = 〈ξ, Lθ(ρ)〉 = −
∑
a∈Q0
Tr(ξa ◦ Lθ(ρ)a) = −
√−1c
∑
a∈Q0
Tr(Lθ(ρ)a).
But, with A(ρ) as in the proof of Lemma 6.6, we have
∑
a∈Q0
Tr(Lθ(ρ)a) =
∑
a∈Q0
(
Tr(A(ρ)a) +
√−1(θa − µθ(d))da
)
=
∑
a∈Q0
Tr(A(ρ)a) = 0.
Therefore, Φθ(ρ)(ξ) = 0, hence Φθ(A) ⊂ Ann(Lie(H ∩K)).
Lastly, in the notation of Section 3.C, we have Lθ(ρ) =
√−1(Kθ(V, ρ) − µθ(d)e)
for all ρ ∈ A. As Lθ(ρ) ∈ Lie(K), and 〈·, ·〉 is an inner product on Lie(K), we have
Φθ(ρ) = 0⇔ Lθ(ρ) = 0⇔ Kθ(V, ρ) = µθ(d)e.
Therefore, Φ−1θ (0) = Aeh. 
Theorem 6.8. With notation as above, the following statements are true:
(1) The set Beh is a closed smooth submanifold of B, Bs is open in B, Ms is open
in M , the action of K on Beh is principal, and peh : Beh → Ms is a smooth
principal K-bundle.
(2) The action of G on Bs is proper, Ms is a Hausdorff open subspace of M , the
action of G on Bs is principal, and ps : Bs → Ms is a holomorphic principal
G-bundle.
(3) There exists a unique Ka¨hler metric hs onMs, such that p
∗
eh(Θs) = Ωeh, where
Θs is the Ka¨hler form of hs, Ωeh = i
∗
eh(Ω), ieh : Beh → B is the inclusion map,
and Ω is the Ka¨hler form on B.
Proof. The stabiliser Gρ of any point ρ of B equals H , and, by Theorem 5.8, the
induced action of G on B is principal. Let Ψθ : B → Lie(K)∗ be the restriction of Φθ.
By Lemma 6.7, Φθ is a moment map for the action of K on A, hence Ψθ is a moment
map for the action of K on B. Moreover, Ψθ(B) ⊂ Φθ(A) ⊂ Ann(Lie(H ∩K)), and
Bm := Ψ−1θ (0) = Φ−1θ (0) ∩ B = Aeh ∩ B = Beh. Finally, by Lemma 6.5, we have
Bms := BmG = BehG = Bs, and PG(Bm,Bm) = PG(Beh,Beh) ⊂ HK. Therefore, the
Theorem follows from Corollary 6.4. 
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7. The line bundle on the moduli of stable representations
7.A. Line bundles on quotients of vector spaces
Let V be a finite-dimensional C-vector space, 〈·, ·〉 a Hermitian inner product on
V , and Ω = −2ℑ(〈·, ·〉) its fundamental 2-form. We will consider V to be a Ka¨hler
manifold in the usual way. Let G be a complex Lie group, and K a real Lie subgroup
of G. Suppose that we are given a holomorphic linear right action of G, and that
the induced action of K on V preserves the Hermitian inner product 〈·, ·〉 on V .
Let χ : G → C× be a character of G, and suppose that χ(K) ⊂ U(1). Then,
Te(χ)(Lie(K)) is contained in the R-subspace Lie(U(1)) =
√−1R of Lie(C×) = C.
Fix a non-zero real number λ. Let α be the element of Lie(K)∗ defined by α(ξ) =
−
√−1
λ
Te(χ)(ξ) for all ξ ∈ Lie(K). Since χ(gag−1) = χ(a) for all a, g ∈ G, α is
K-invariant. Therefore, by Lemma 6.1, the map Φα : V → Lie(K)∗, which is defined
by
Φα(x)(ξ) =
1
2
Ω(ξ♯(x), x) + α(ξ)
for all x ∈ V and ξ ∈ Lie(K), is a moment map for the action of K on V .
Let E denote the trivial holomorphic line bundle V × C on V . Define a right
action of G on E by setting (x, a)g = (xg, χ(g)−1a) for all (x, a) ∈ E and g ∈ G. Let
Γ(E) denote the C-vector space of smooth sections of E on V . For each ξ ∈ Lie(G)
and s ∈ Γ(E), define another section ξs ∈ Γ(E) by
(ξs)(x) =
d
d t
∣∣∣
t=0
(
s(x exp(tξ)) exp(−tξ))
for all x ∈ V . For every x ∈ V , define a Hermitian inner product h(x) : E(x) ×
E(x)→ C by
h(x)((x, a), (x, b)) = exp(λ‖x‖2)ab
for all a, b ∈ C. This gives a smooth Hermitian metric h on E.
Lemma 7.1. Let ∇ be the canonical connection of the Hermitian holomorphic line
bundle (E, h) on V . Then:
(1) For all ξ ∈ Lie(K) and s ∈ Γ(E), we have ∇ξ♯(s) = ξs− λ
√−1Φξαs.
(2) The first Chern form c1(E, h) of ∇ equals − λ2πΩ.
Proof. Let ξ ∈ Lie(K). Define a map s0 : V → E by s0(x) = (x, 1) for all x ∈ V . It
is a holomorphic frame of E on V . We have
∇v(s0) = λ〈v, x〉s0(x)
for all x ∈ V and v ∈ Tx(V ) = V . Therefore,
∇ξ♯(s0)(x) = λ〈ξ♯(x), x〉s0(x) = −
λ
√−1
2
Ω(ξ♯(x), x)s0(x).
On the other hand,
(ξs0)(x) = Te(χ)(ξ)s0(x) = λ
√−1α(ξ)s0(x).
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Thus,
(ξs0)(x)−∇ξ♯(s0)(x) = λ
√−1(α(ξ) + 1
2
Ω(ξ♯(x), x)
)
s0(x) = λ
√−1Φα(x)(ξ)s0(x).
It follows that
ξs0 −∇ξ♯(s0) = λ
√−1Φξαs0.
Now, let s be an arbitrary element of Γ(E). Then, there exists a smooth complex
function f on V , such that s = fs0. It is easy to see that
ξ(fs0) = ξ
♯(f)s0 + f(ξs0).
Therefore,
ξs−∇ξ♯(s) =
(
ξ♯(f)s0 + f(ξs0)
)− (ξ♯(f)s0 + f∇ξ♯(s0)
)
= f(ξs0 −∇ξ♯(s0)) = fλ
√−1Φξαs0 = λ
√−1Φξαs.
This proves (1).
Let ω be the connection form of ∇ with respect to the holomorphic frame s0 of
E on V , and R the curvature form of ∇. Then, ω = λ∂N , and R = ∂ω, where
N : V → R is the smooth function x 7→ ‖x‖2. Therefore,
c1(E, h) =
√−1
2π
R = −λ
√−1
2π
∂∂N.
It is easy to see that
√−1∂∂N = Ω. Thus, c1(E, h) = − λ2πΩ, as stated in (2). 
Let H be a normal complex Lie subgroup of G, G the complex Lie group H\G,
and π : G → G the canonical projection. Let K be the compact subgroup π(K) of
G, and πK : K → K the homomorphism of real Lie groups induced by π.
Let X be a G-invariant open subset of V , Xm the closed subset Φ
−1
α (0) ∩ X of
X , and Xms = XmG. Denote by Y the quotient topological space X/G, and let
p : X → Y be the canonical projection. Let Yms = p(Xms), pms : Xms → Yms the map
induced by p, and pm = pms|Xm : Xm → Yms.
The subset EX = X × C is a G-invariant open subset of E. Let F denote the
quotient topological space EX/G, and q : EX → F the canonical projection. There
is a canonical continuous surjection from F to Y , and every fibre of this map has
a canonical structure of a 1-dimensional C-vector space. Thus, F is a family of 1-
dimensional C-vector spaces on Y . Let Fm (respectively, Fms) denote the restriction
of this family to the subspace Ym (respectively, Yms) of Y . For every x ∈ X , the map
q : EX → F restricts to a C-isomorphism q(x) : E(x)→ F (p(x)).
Note that if H is contained in the kernel of the character χ : G → C×, then we
have an induced action of G on E, and hence on EX . If, moreover, the action of G
on X is principal, then so is its action on EX . Thus, in that case, there is a unique
structure of a complex premanifold on F , such that q is a holomorphic submersion.
With this structure, the family F of 1-dimensional C-vector spaces is a holomorphic
line bundle on Y (It is the holomorphic line bundle associated with the holomorphic
principal G-bundle p : X → Y , and the character of G induced by χ : G → C×.).
For every holomorphic (respectively, smooth) section t of F on any open subset V
of Y , there exists a unique holomorphic (respectively, smooth) section s of EX on
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p−1(V ), which is G-invariant (that is, s(xa) = s(x)a for all x ∈ p−1(V ) and a ∈ G),
such that q(s(x)) = t(p(x)) for all x ∈ p−1(V ).
Proposition 7.2. Consider the context of Corollary 6.4. Suppose that Gx = H for
all x ∈ X, the induced action of G on X is principal, H ⊂ Ker(χ), and
Φα(X) ⊂ Ann(Lie(H ∩K)), PG(Xm, Xm) ⊂ HK.
Then, there exists a unique smooth Hermitian metric kms on the holomorphic line
bundle Fms on Yms, such that c1(Fms, kms) = − λ2πΘms, where Θms is the Ka¨hler form
on the open complex submanifold Yms of Y .
Proof. For every point y ∈ Yms, define kms(y) : F (y)× F (y) → C by kms(y)(a, b) =
h(x)(a′, b′), where x is any point of p−1m (y) and a
′, b′ ∈ E(x) are such that q(a′) = a
and q(b′) = b. Then, since pm : Xm → Yms is a smooth principal K-bundle, and the
metric h is K-invariant, the above rule gives a well-defined smooth Hermitian metric
kms on Fms.
Suppose t is a smooth section of Fms on an open subset V of Yms, y ∈ Yms, and
w ∈ Ty(Y ). We will define an element ∇′w(t) of F (y) as follows. Let x ∈ p−1m (y),
and choose v ∈ Tx(Xm), such that Tx(pm)(v) = w. Let s be the unique K-invariant
section of E on p−1m (V ) which projects to t. Define ∇′w(t) = q(∇v(s)). If x′ ∈ p−1m (y)
and v′ ∈ Tx′(Xm) are two other choices, such that Tx′(pm)(v′) = w, then there exists
a unique g ∈ K, such that x′ = xg. Now, v′ − Tx(ρg)(v) belongs to Ker(Tx′(pm)),
and is hence of the form ξ♯(x′) for some ξ ∈ Lie(K). Thus, by Lemma 7.1,
∇v′(s) = ∇ξ♯(x′)(s) +∇Tx(ρg)(v)(s) =
(
(ξs)(x′)− λ√−1Φξα(x′)s(x′)
)
+
(∇v(s)
)
g,
since the action of K preserves the metric h on E, and hence its canonical connection
∇ also. Now, since s is K-invariant, we have ξs = 0, and since x′ ∈ Xm, we have
Φξα(x
′) = 0. Therefore, ∇v′(s) =
(∇v(s)
)
g, hence q(∇v′(s)) = q(
(∇v(s)
)
). It follows
that ∇′w(t) is well-defined. Since qm is a smooth principal K-bundle, this rule defines
a smooth connection ∇′ on Fms.
We claim that ∇′ is the canonical connection of the Hermitian holomorphic line
bundle (Fms, kms) on Yms. As ∇ is compatible with the metric h on E, and K
preserves h, ∇′ is compatible with the metric kms on Fms. Therefore, we only need
to check that ∇′ is compatible with the holomorphic structure on Fms. Let t be a
holomorphic section of Fms on an open subset V of Yms, y ∈ V , and w ∈ Ty(Y ). We
have to check that ∇′√−1w(t) =
√−1∇′w(t). Let s be the G-invariant holomorphic
section of E on p−1ms(V ) corresponding to t. Let x ∈ p−1m (y), and choose v ∈ Tx(Xm),
such that Tx(pm)(v) = w. Then, by Lemma 6.2,
√−1v = v′ + √−1ξ♯(x), where
v′ ∈ Tx(Xm) and ξ ∈ Lie(K). By definition, ∇′w(t) = ∇v(s). Similarly, since
Tx(pm)(v
′) = Tx(p)(
√−1(v − ξ♯(x))) = √−1w, we have ∇′√−1w(t) = ∇v′(s). Now,
since ∇ is compatible with the holomorphic structure on E, we get
∇v′(s) = ∇√−1(v−ξ♯(x))(s) =
√−1(∇v(s)−∇ξ♯(x)(s))
But, as we saw above, ∇ξ♯(x)(s) = 0. It follows that ∇′√−1w(t) =
√−1∇′w(t). This
proves the above claim.
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Thus, the canonical connection ∇′ on (Fms, kms) is the descent of ∇ through pm :
Xm → Yms. Therefore,
p∗mc1(Fms, kms) = i
∗
mc1(E, h),
where im : Xm → X is the inclusion. But, by Lemma 7.1, c1(E, h) = − λ2πΩ, hence
p∗mc1(Fms, kms) = −
λ
2π
i∗mc1(E, h) = −
λ
2π
p∗mΘms.
As pm is a smooth submersion, it follows that c1(Fms, kms) = − λ2πΘms. 
7.B. The line bundle on the moduli space
We will follow the notation of Section 6.C. Recall that θ is a rational weight of Q.
Let n be an integer > 0, such that n(θa − µθ(d)) ∈ Z for all a ∈ Q0. Let λ = −n.
Let χ : G→ C× be the character
χ(g) =
∏
a∈Q0
det(ga)
n(µθ(d)−θa).
Then, χ(K) ⊂ U(1), and H ⊂ Ker(χ), since ∑a∈Q0(µθ(d) − θa)da = 0. Let α =
−
√−1
λ
Te(χ). Then,
α(ξ) =
√−1
n
Te(χ)(ξ) =
√−1
n
∑
a∈Q0
n(µθ(d)− θa)Tr(ξa) = 〈ξ, η〉,
where η =
(√−1(θa − µθ(d))1Va
)
a∈Q0 . Thus,
Φα(ρ)(ξ) =
1
2
Ω(ξ♯(ρ), ρ) + α(ξ) =
1
2
Ω(ξ♯(ρ), ρ) + 〈ξ, η〉 = Φθ(ρ)(ξ)
for all ρ ∈ A and ξ ∈ Lie(K).
Let E be the trivial line bundle on A with the action of G defined by χ as above.
Let Fs be its quotient by G onMs. As above, Fs is a holomorphic line bundle on Ms.
Now, the following result is an immediate consequence of Proposition 7.2.
Theorem 7.3. Let n be any positive integer, such that n(θa − µθ(d)) ∈ Z for all
a ∈ Q0. There exists a unique smooth Hermitian metric ks on the holomorphic line
bundle Fs on Ms, such that c1(Fs, ks) =
n
2π
Θs, where Θs is the Ka¨hler form on Ms.
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